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NON-VANISHING THEOREMS FOR CENTRAL L-VALUES OF SOME ELLIPTIC
CURVES WITH COMPLEX MULTIPLICATION.
JOHN COATES, YONGXIONG LI
Abstract. The paper uses Iwasawa theory at the prime p = 2 to prove non-vanishing theorems for the
value at s = 1 of the complex L-series of the family of elliptic curves, first studied systematically by
B. Gross, with complex multiplication by the full ring of integers of the field K = Q(
√−q), where q is
any prime ≡ 7 mod 8. Some of these non-vanishing theorems were proven earlier by D. Rohrlich using
complex analytic methods, but others are completely new. It is essential for the proofs to study the
Iwasawa theory of the higher dimensional abelian variety with complex multiplication which is obtained
by taking the restriction of scalars to K of the Gross elliptic curve.
1. Introduction
Let K = Q(
√−q) be an imaginary quadratic field, where q is any prime number with q ≡ 7 mod 8.
Fix an embedding of K into C. Let OK be the ring of integers of K, and write h for the class number
of K. Note that, since q ≡ 7 mod 8, the prime 2 splits in K, say 2OK = pp∗, a fact which will underly
all of our subsequent arguments with Iwasawa theory. We fix one of these primes p, and we assume
from now on that we have chosen the sign of
√−q so that ordp((1 − √−q)/2) > 0. Let H denote the
Hilbert class field of K. Gross ([18], Theorem 12.2.1) has proven that there exists a unique elliptic curve
A defined over Q(j(OK)), with complex multiplication by OK , minimal discriminant (−q3), and which
is a Q-curve in the sense that it is isogenous over H to all of its conjugates. An explicit equation for A
over H is given by
(1.1) y2 = x3 + 2−43−1mqx− 2−53−3rq2,
where m3 = j(OK), and r2 = ((12)3 − j(OK))/q with r > 0 (see [19]). Let L(A/H, s) be the complex
L-series of A/H , and write L(A/H, η, s) for the twist of this L-series by any finite order abelian character
η of H . For 1 ≤ n ≤ ∞, let Apn be the Galois module of pn-division points on A, and define F∞ =
H(Ap∞). Let G denote the Galois group of F∞ over H . The action of G on Ap∞ defines an isomorphism
ρp : G ≃ O×p = Z×2 , where Op denotes the ring of integers of the completion of OK at p.
Theorem 1.1. Assume that q is any prime such that q ≡ 7 mod 16. Then, for all characters ν of finite
order of G = Gal(F∞/H), we have L(A/H, ν, 1) 6= 0.
We remark that, in the special case when ν is the trivial character, D. Rohrlich [22] has proven that
L(A/H, 1) 6= 0 for all primes q ≡ 7 mod 8, by a completely different method using complex analytic
arguments. However, it does not seem that his method can easily be extended to proving the non-
vanishing of the L(A/H, ν, 1) for all characters ν of finite order of G when q ≡ 7 mod 16, and we do not
know if this stronger assertion is even true for the primes q ≡ 15 mod 16 (but see [23], where it is shown,
in particular, that L(A/H, ν, 1) 6= 0 for all but a finite of characters ν of finite order of G for all primes
q ≡ 7 mod 8).
If J is any extension of H , we write, as usual, A(J) for the group of J-rational points on A, and
X(A/J) for the Tate-Shafarevich group of A/J . In [18], Gross proved that A(H) is always finite.
Parallel to Theorem 1.1, we prove the following result.
Theorem 1.2. Assume that q is any prime with q ≡ 7 mod 16. Then, for all finite extensions J of H
contained in F∞, both A(J) and the p-primary subgroup of X(A/J) are finite.
We remark, however, that, when q ≡ 7 mod 16, and in addition there is more than one prime of H lying
above p, then we show later (see Theorem 8.1) that we always have X(A/F∞)(p) = (Kp/Op)mq for
some integer mq > 0.
Let β =
√−q, and let A(−β) be the twist of A by the quadratic extension H(√−β)/H . Thus A(−β)
is also an elliptic curve defined over H with complex multiplication by OK . These elliptic curves A(−β)
seem, in some sense, to be even simpler that the Gross curves A, and they appear not to have been
1
discussed in earlier literature. From the equation (1.1) for A, one easily shows that A(−β) has the nice
explicit equation
(1.2) y2 = x3 − 2−43−1(j(OK))1/3x+ 2−53−3(j(OK)− (12)3)1/2,
where it is understood that, in this equation, we take the real cube root of j(OK), and the square root
of j(OK) − (12)3 lying in the upper half complex plane. Of course, this equation is not a good one at
the primes of H above lying above 2 and 3, but it has nevertheless the rather striking property that
its discriminant is equal to 1. In fact, we shall see later that A(−β) has good reduction outside the
set of primes of H lying above p for all primes q ≡ 7 mod 8 (see Corollary 7.12). More generally, we
point out that, for any imaginary quadratic field K the equation (1.2) defines an elliptic curve with
complex multiplication by the full ring of integers of this imaginary quadratic field, which is defined over
an extension of degree at most 6 of the Hilbert class field of K, and which has good reduction outside
the set of primes dividing 2 and 3. In fact, classical results due to Weber and Sohngen (see [2]) show
that the curve (1.2) is defined over H itself whenever the discriminant of K is prime to 6. We hope
to study systematically the arithmetic properties of this elliptic curve in a subsequent paper. In the
present case, when K = Q(
√−q) with q any prime ≡ 7 mod 8, we prove the following two results about
the arithmetic of our curve (1.2). By class field theory, there is a unique Z2-extension K∞/K which is
unramified outside p, and, for each integer n ≥ 0, we define Kn to be the unique intermediate field with
[Kn : K] = 2
n. Put Hn = HKn, and note that [Hn : H ] = 2
n, since the class number of K is odd. Write
L(A(−β)/Hn, s) for the complex L-series of A
(−β)/Hn.
Theorem 1.3. For all primes q ≡ 7 mod 8, we have L(A(−β)/Hn, 1) 6= 0 for all n ≥ 0.
Secondly, we explain a curious consequence of this last theorem. Write MK for the set of all non-zero
integers M in OK , which are prime to q, satisfy M ≡ 1 mod 4, and are not squares in K. For each
M ∈MK , define
(1.3) E = A(M)
to be the twist of A by the extension H(
√
M)/H , which is non-trivial because the class number of K is
odd. Define
F = H(Ep2), Fn = FHn = H(Epn+2).
Write gE/Hn and gE/Fn for the respective ranks of the Mordell-Weil groups of E/Hn and E/Fn, and let
L(E/Hn, s) and L(E/Fn, s) denote their respective complex L-series.
Theorem 1.4. Assume that q ≡ 7 mod 8, and that M ∈ MK . Then, for all n ≥ 0, we have that
gE/Hn = gE/Fn, and ords=1L(E/Hn, s) = ords=1L(E/Fn, s).
We remark that Theorems 1.1 and 1.4 do not seem to have been known before even in the special case
q = 7, when A = X0(49) (see, however, the remarks at the end of [4]). Of course, we have no way at
present of hoping to prove that the four integers gE/Hn , gE/Fn , ords=1L(E/Hn, s) , and ords=1L(E/Fn, s)
are all equal, as is predicted by the conjecture of Birch and Swinnerton-Dyer.
Finally, we make a conjecture about the elliptic curve (1.2) in the case when K = Q(
√−q), with q
now a prime satisfying q ≡ 3 mod 8 (so that 2 is inert in K). Let A be the elliptic curve defined over H
by (1.2). Then, provided we now take the square root of j(OK)− (12)3 lying in the lower half complex
plane, and assume that q > 3, A is the twist by the quadratic extension H(
√
−√−q)/H of the Gross
curve A/H , whose existence is proven in [18]. Thus, since A has good reduction outside the set of primes
of H above q, and (1.2) has discriminant 1, the curve A will always have good reduction outside the
set of prime of H lying above the prime p = 2, assuming q > 3. We write L(A/H, s) for the complex
L-function of A/H .
Conjecture 1.5. For all primes q with q ≡ 3 mod 8, we have L(A/H, 1) 6= 0.
However, we hasten to say that, in contrast to the proof of Theorem 1.3 above, we see absolutely no
way at present for attacking such a conjecture using Iwasawa theory. Nevertheless, some remarkable
numerical evidence in support of this conjecture has been found very recently by Dabrowski, Jedrzejak,
and Szymaszkiewicz (see [13]), who have shown that L(A/H, 1) 6= 0 for all primes q ≡ 3 mod 8 with
q ≤ 10163. In the same paper, the authors give some interesting tables of numerical data for the values
of L(A/H, 1) when q ≡ 7 mod 8, which we know a priori are non-zero by Theorem 1.3.
The reader will quickly realize that the novelty of the arguments in the present paper is to show that
it turns out to be much simpler to deal with some of the algebraic aspects of the Iwasawa theory of the
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h-dimensional abelian abelian variety B/K, which is the restriction of scalars from H to K of the elliptic
curve A/H , rather than for the elliptic curve A/H itself. As far as we know, this has not been exploited
before in the literature, and we suspect that this idea can be used in other situations. We establish all
of our analytic results for the Iwasawa theory by employing the Euler system of elliptic units as defined
in the Appendix of [7], showing that this Euler system works beautifully even for the prime p = 2.
The present paper grew out of [4], which discussed only the case q = 7. We would like to thank the
organizers of the conference ”Iwasawa 2017” held at Tokyo University in July 2017 for providing us with
an excellent opportunity to initially discuss the ideas developed here. The first author would also like to
thank Tsinghua University and the Morningside Center of the Chinese Academy of Sciences for generous
hospitality while much of the subsequent detailed work was being developed. Finally, we thank Zhibin
Liang for making the numerical computations disussed in §8 of this paper.
2. Preliminaries
It is essential for our subsequent arguments that we work with the the abelian variety
(2.1) B = ResH/K(A),
which is obtained from A by restriction of scalars from H to K (see [18], §15). We define
B = EndK(B), T = B ⊗Q.
Then T is a CM field of degree h over K. Let
ψA/H : A
×
H → K×, φ : A×K → T ×
be the Serre-Tate characters (see [24], Theorem 10) attached to A/H and B/K, respectively, where A×H
(resp. A×K) denotes the idele group of H (resp. of K). Then we have
ψA/H = φ ◦NH/K
where NH/K is the norm map from the idele group of H to the idele group of K. The conductor of φ
is equal to q =
√−qOK . For a more detailed discussion of the following facts, see [3], §1, and [18], §13.
The endomorphism ring B is generated over OK by the values φ(c) for c running over all integral ideals
of K prime to q, and has discriminant hhOK as an OK-module. Thus B is an order in the field T ,
which is not necessarily maximal. However, it is always maximal when localized away from h. Also, the
field T contains only 2 roots of unity, and we have H ∩ T = K. We fix an embedding of T in C
(2.2) i : T → C.
which extends our given embedding of K in C. When there is no danger of confusion, we will omit the
embedding i from the notation.
Lemma 2.1. The prime 2 is unramified in the field T , and there is a prime P of T above p with
residue field of order 2.
Proof. Since the class number h of K is odd, it follows that from the above remarks that 2 will be
unramified in the field T . Furthermore, the finitely generated abelian group A(H) = B(K) is a module
for the algebra B, and the torsion subgroup of this abelian group is OK/2OK (see [18], §13). This action
of B stabilizes the torsion, and thus gives an OK-algebra surjection
B → OK/2OK .
The kernel of this homomorphism is the product of two conjugate primes P,P∗ in T , and P has the
desired property. 
We shall use the following notation throughout the rest of this paper. Gross [19] has proved the
existence of a global minimal Weierstrass equation for A over H , and we fix one such minimal equation
(2.3) y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6,
whose coefficients are algebraic integers in H . For each integral ideal c of K prime to q, we write Ac for
the equation obtained by applying the Artin symbol of c to (2.3).
Throughout the rest of this paper, w will denote any fixed prime of H above p. We write Hw for
the completion of H at w and OH,w for its ring of integers. If c is any integral ideal of K prime to q,
we obtain a global minimal Weierstrass equation for the conjugate curve Ac/H by applying the Artin
symbol of c to the coefficients of (2.3). We write (xc, yc) for a generic point on A
c. Let Âcw be the formal
group of Ac at w. It is a formal group defined over OH,w with local parameter tc,w = −xc/yc.
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Lemma 2.2. For each integral ideal c of K prime to q, Âcw is a relative Lubin-Tate formal group in the
sense of [14] for the unramified extension Hw/Kp.
Proof. The canonical isogeny ηAc(p) : A
c → Acp induces a map of formal groups defined over OH,w
(2.4) η̂Ac,p,w : Âcw → Âcpw
which can be realized by a formal power series η̂Ac,p,w(tc,w) lying in OH,w[[tc,w]]. Moreover, since φ is
the Serre-Tate character of B, it is not difficult to see that
(2.5) η̂Ac,p,w(tc,w) ≡ t2c,w mod w, η̂Ac,p,w(tc,w) ≡ mctc,w mod t2c,wOH,w[[tc,w]],
where NHw/Kp(mc) has p-order equal to [Hw : Kp]. These are precisely the conditions required to define
a Lubin-Tate formal group relative to Hw/Kp. 
Corollary 2.3. The prime w is totally ramified in the extension Hw(Ap∞)/Hw, and the Galois group
of this extension is isomorphic to O×p .
For α ∈ B, let Bα to be the kernel of the endomorphism α on B(K¯), and, for each integer n ≥ 1,
define BPn = ∩α∈PnBα.
Theorem 2.4. The abelian variety B has good reduction everywhere over the field F = K(BP2), and
the elliptic curve A has good reduction everywhere over the field F = H(Ap2).
Proof. We give the proof for B, and the proof for A is entirely similar. The conductor of φ is prime
to 2, and thus the abelian variety B has good reduction at the primes of K lying above 2. Let φF be
the Serre-Tate homomorphism attached to B over the field F , so that φF = φ ◦ NF/K , where NF/K
denotes the norm map from the idele group of F to the idele group of K. Let v be any place of F which
does not lie above 2, and let Uv be the group of units of the completion Fv of F at v. As is shown in
[24], B will have good reduction at v if and only if φF (Uv) = 1. But φF (Uv) = φ(Jv′ ), where v
′ denotes
the place of K below v, and Jv′ denotes the image of Uv under the local norm from Fv to Kv′ . Let
ξK : A
×
K → GabK , where GabK denotes the Galois group of the maximal abelian extension of K, be Artin’s
global reciprocity map. Note that ξK(Jv′ ) fixes F. We write τP : G
ab
K → O×p for the character giving
the action of GabK on BP∞ . Now B has potential good reduction everywhere, since the same assertion
is true for the elliptic curve A and its conjugate curves over H . Hence, since v′ does not lie above 2,
by the criterion of Neron-Ogg-Shafarevich, we must have that τP(ξK(x)) is a root of unity for each x in
the local units at v′. Moreover, by another basic property of the Serre-Tate homomorphism (see [24],
Theorem 11), we have τP(ξK(x)) = φ(x) for every x in the local units at v
′. Now assume that x lies
in Jv′ , so that τP(ξK(x)) must belong to the subgroup 1 + P
2 of O×p . But this subgroup contains no
non-trivial roots of unity, whence we must have that τP(ξK(x)) = 1, and so φ(x) = 1. Hence B has good
reduction everywhere over F , as claimed. 
In the present paper, we shall mainly be studying the Iwasawa theory of B over the tower of fields
F∞/K, where
(2.6) F = K(BP2), Fn = K(BPn+2) (n ≥ 0), F∞ = K(BP∞),
and BP∞ = ∪n≥1BPn . Lurking in the background, we will also consider the Iwasawa theory of A over
the tower of fields
(2.7) F = H(Ap2), Fn = H(Apn+2) (n ≥ 0), F∞ = H(Ap∞).
Moreover, as in the Introduction, let K∞ be the unique Z2-extension of K which is unramified outside
p, and write Kn for the unique intermediate field with [Kn : K] = 2
n. Put
G = Gal(F∞/K), G = Gal(F∞/H),
and let
(2.8) ρP : G→ Z×2 , ρp : G → Z×2
be the characters giving the action of these two Galois groups on BP∞ and Ap∞ , respectively.
Lemma 2.5. We have strict inclusions K∞ ⊂ F∞ ⊂ F∞, and F∞ = FK∞,F∞ = HF∞. Moreover, the
two characters (2.8) are both isomorphisms, the prime p of K is totally ramified in F∞, and all primes
of H above p are totally ramified in F∞.
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Proof. We first remark that the classical theory of complex multiplication shows that K∞ ⊂ F∞. Let w
be any prime of H above p. Then, by Lemma 2.2, w is totally ramified in F∞, and the character ρp is
an isomorphism. Thus we must have F∞ = FK∞. Also, we must have F∞ ⊂ F∞ since B is isomorphic
over H to the product of the h curves conjugate to A under the action of Gal(H/K). It then follows
that p must be totally ramified in F∞. Furthermore, since B has good reduction everywhere over F , we
have F 6= K, and thus ρP must be an isomorphism. This completes the proof. 
If b is any ideal of K prime to pq, we shall write τb for the Artin symbol of b in Gal(F∞/K). Note
that, since φ is the Serre-Tate character of B, the Artin symbol τb will fix the field Fn if and only if
(2.9) φ(b) ≡ 1 mod Pn+2.
For each n ≥ 0, we fix a set Cn of integral ideals of K, prime to pq such that
(2.10) Gal(Fn/Fn) = {τc|Fn : c ∈ Cn}.
Thus the elements of Cn satisfy (2.9), and also give a complete set of representatives of the ideal class
group of K since the restriction map from Gal(Fn/Fn) to Gal(H/K) is an isomorphism.
For each integral ideal b of K, which is prime to q, let σb denote the Artin symbol of b in Gal(H/K).
The restriction map defines an isomorphism from Gal(F∞/F∞) to Gal(H/K), and we define δ to be the
unique element of Gal(F∞/F∞) whose restriction to H is the Artin symbol σp of p. Finally, we fix a set
{Vn : n ≥ 0} of primitive pn+2-division points on A, which are compatible in the following sense. If b is
any integral ideal of K prime to q, it is well known [16] that the endomorphism φ(b) of B gives rise to a
canonical isogeny ηA(b) : A→ Ab with kernel precisely the group Ab of b-division points on A; here Ab
denotes the conjugate curve obtained by applying σb to the coefficients of any equation for A/H . Then
the compatibility relation which we require between the Vn is that
(2.11) ηA(p)(Vn+1) = V
δ
n (n ≥ 0).
This makes sense because V δn is a primitive p
n+2-division point on Ap.
3. Iwasawa theory for the abelian variety B over the field F∞ = K(BP∞)
The aim of this section is to use some very elementary arguments from Iwasawa theory to study
descent theory on B over F∞ = K(BP∞). We define M(F∞) to be the maximal abelian 2-extension of
F∞ = K(BP∞), which is unramified outside the primes lying above p, and put
X(F∞) = Gal(M(F∞)/F∞).
We recall that we have chosen the sign of
√−q so that ordp(√−q − 1)/2) > 0.
Theorem 3.1. For all primes q with q ≡ 7 mod 8, X(F∞) is a free finitely generated Z2-module of rank
at most 2k−2 − 1, where k = ordp(√−q − 1). In particular, X(F∞) = 0 when q ≡ 7 mod 16.
We now closely follow the arguments of elementary Iwasawa theory given in [4], §2 to prove Theorem
3.1. Of course, M(F∞) is Galois over K by maximality, and thus G = Gal(F∞/K) has the usual natural
continuous action of Iwasawa theory on X(F∞). We also remark that, since ρP is an isomorphism, the
Galois group G is of the form G = ∆×Γ, where ∆ is cyclic of order 2 and Γ is isomorphic to Z2, and all
of our arguments will be based on Nakayama’s lemma for either of the natural ∆-actions or Γ-actions.
Let R = Z2[∆] be the group ring of ∆ over Z2. If V is any R-module, we write as usual V∆ for the largest
quotient of V on which ∆ acts trivially. Similarly, if V is a compact Γ-module which is a Z2-module,
(V )Γ will be the largest quotient of V on which Γ acts trivially.
Lemma 3.2. The field K∞ has no non-trivial abelian 2-extension, which is unramified outside the unique
prime of K∞ above p.
Proof. Denote by M(K∞) the maximal abelian 2-extension over K∞ which is unramified outside the
unique prime above p, and let X(K∞) be the Galois group Gal(M(K∞)/K∞). Since M(K∞) is Galois
over K by maximality, the Galois group Γ = Gal(K∞/K) acts on it continuously by lifting inner
automorphisms. We claim that (X(K∞))Γ = 0, which will suffice to prove what we want by Nakayama’s
lemma. Denote by J the maximal abelian extension of K in M(K∞), so that Gal(J/K∞) = (X(K∞))Γ.
Now, since the class number of K is odd, class field theory shows immediately that K∞ itself is the
maximal abelian 2-extension of K which is unramified outside p. Hence J = K∞, and the proof is
complete. 
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Lemma 3.3. Let rq denote the number of primes of K∞ lying above the prime q =
√−qOK of K. Then
rq = 2
k−2, where k = ordp(
√−q − 1).
Proof. It follows from the definition of k that
√−q ∈ 1 + pk but √−q /∈ 1 + pk+1, where k ≥ 2. Noting
that Kn is the 2-part of the ray class field of K modulo p
n+2 for all n ≥ 0, we then conclude easily
from class field theory that q =
√−qOK splits completely in the extension Kk−2, and that each prime
of Kk−2 above q is inert in K∞. Thus there are precisely rq primes of K∞ above q , and the proof is
complete. 
Lemma 3.4. We have (X(F∞))∆ is an F2-vector space of dimension at most rq − 1, where F2 denotes
the field with 2 elements.
Proof. By the definition of the ∆ action, we have Gal(I/F∞) = (X(F∞))∆, where I is the maximal
abelian extension of K∞ contained in M(F∞). But the only primes of K∞ which ramify in I are the
unique prime above p, and the rq primes above q. Moreover, the ramification index of each of these primes
above q in I is precisely 2, because this is the ramification index of q in F . Let D denote the subgroup
of Gal(I/K∞) generated by the inertial subgroups of these primes above q. Thus D is a vector space
of dimension at most rq over F2. Now the fixed field of D is an abelian 2-extension of K∞ unramified
outside p. Thus, by Lemma 3.2, this fixed field must be equal to K∞. Hence D = Gal(I/K∞), and the
assertion of the lemma follows because [F∞ : K∞] = 2 
Corollary 3.5. X(F∞) is a finitely generated R-module, which is generated by at most 2
k−2−1 elements
over R. In particular, X(F∞)) is a finitely generated Z2-module.
Proof. As X(F∞) is a compact R-module, the corollary follows immediately from Lemma 3.4 and the
Nakayama lemma. 
Lemma 3.6. X(F∞) is a free Z2-module, and X(F∞)
∆ = 0.
Proof. We have the exact sequence of finitely generated Z2-modules
0→ (X(F∞))∆ → X(F∞)→ X(F∞)→ (X(F∞))∆ → 0,
where the middle map is given by multiplication 1 − ǫ, where ǫ denotes the non-trivial element of ∆.
Since (X(F∞))∆ is finite by Lemma 3.4, it follows that X(F∞)
∆ is also finite. But X(F∞)
∆ is also
a Γ-module, whence by the theorem of Greenberg [17] asserting that X(F∞) has no nonzero finite Γ-
submodule, we conclude that (X(F∞))
∆ = 0, and also that the torsion subgroup of X(F∞) must be
zero. This completes the proof. 
We omit the proof (see [4], Lemma 2.8) of the following simple algebraic lemma, whose proof was
pointed out to one of us by Romyar Sharifi.
Lemma 3.7. Let Y be a free Z2-module of finite rank, which is also a ∆-module, and assume that
(Y )∆ = (Z/2Z)
r (r ≥ 0). Then Y is a free Z2-module of rank r.
Combining Corollary 3.5, and Lemmas 3.6 and 3.7, the proof of Theorem 3.1 is complete.
Remarkably, the following result is valid for all primes q with q ≡ 7 mod 8.
Theorem 3.8. For all primes q with q ≡ 7 mod 8, the field Fn = K(BPn+2) has odd class number for
all n ≥ 0, and F∞ has no unramified abelian 2-extension.
Proof. We first show that F has odd class number. Let L(F ) be the 2-Hilbert class field of F , and put
Y (F ) = Gal(L(F )/F ). By maximality, L(F ) is Galois over K, and so ∆ acts on Y (F ) in the usual
fashion. Thus Y (F )∆ = Gal(J/F ), where J is the maximal abelian extension of K contained in L(F ).
Now the only primes of K which are ramified in J are p and q. Let Φ be the inertial subgroup of q in
Gal(J/K). Then the fixed field JΦ of Φ must be an abelian 2-extension of K which is unramified outside
of p. But, since K has odd class number, the only abelian 2-extensions of K unramified outside of p are
the fields Kn(n ≥ 0), and so we must have JΦ = Km for some m. But then it follows that KmF ⊂ J ,
and so the extension KmF/F is unramified. But the unique prime above p is totally ramified in the
extension KmF/F . Thus we must have Km ⊂ F . However, Km 6= F because q is ramified in F , and so
we conclude that m = 0. Hence we have shown that K is the fixed field of Φ, and so Gal(J/K) = Φ.
But q has ramification index 2 in the extension J/K, so that Φ has order 2, whence also Gal(J/K) has
order 2. It follows that necessarily J = F , and so Y (F )∆ = 0. But then by Nakayama’s lemma, we must
have Y (F ) = 0, proving that F has odd class number.
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Now let L(F∞) be the maximal unramified abelian 2-extension of F∞, and put Y (F∞) = Gal(L(F∞)/F∞).
Recall that Γ = Gal(F∞/F ). Now the Z2-extension F∞/F is totally ramified at the unique prime of F
above p, and no other prime of F is ramified in it. A classical argument in Iwasawa theory then proves
that Y (F∞)Γ ≃ Gal(L(F )/F ), where again L(F ) denotes the 2-Hilbert class field of F . But we have just
shown that L(F ) = F . Hence Y (F∞)Γ = 0, and so by the topological Nakayama’s lemma, we must have
Y (F∞) = 0. But, if we write L(Fn) for the 2-Hilbert class field of Fn for any n ≥ 0, the same classical
argument in Iwasawa theory shows that Y (F∞)Γn ≃ Gal(L(Fn)/Fn), where Γn denotes the unique closed
subgroup of Γ of index 2n. Hence L(Fn) = Fn, and so Fn has odd class number for all n ≥ 0. This
completes the proof. 
The above arguments make essential use of the fact that we are working with Galois groups. However,
for the arithmetic applications, it is important that we translate all into assertions about Selmer groups,
as is done in [4] in the special case q = 7. We make use of the standard notation for the Galois cohomology
of Galois modules and abelian varieties. Recall that B is the ring of K-endomorphisms of the abelian
variety B. We fix any non-zero element π of B such that the ideal factorization of π in the ring of
integers of T is Pr for some integer r ≥ 1. Now let L be any algebraic extension of K. As usual, we
define, for each integer n ≥ 1, the Selmer group Selpin(B/L) by the exact sequence
Selpin(B/L) = Ker
(
H1(L,Bpin)→
∏
v
H1(Lv, B)pin
)
,
where v runs over all finite places of L, and Lv is the compositum of the completions at v of all finite
extensions of K contained in L. Passing to the inductive limit over all n ≥ 1, and noting that Bpi∞ =
BP∞ , we then define the Selmer group SelP∞(B/L) to be the inductive limit of the Selmer groups
Selpin(B/L), so that we have
SelP∞(B/L) = Ker
(
H1(L,BP∞)→
∏
v
H1(Lv, B)(P)
)
;
here, for any B-module V, we write V (P) for the submodule of elements which are annihilated by some
power of π. In an entirely similar manner, the modified Selmer group Sel′P∞(B/L) is defined by
Sel′P∞(B/L) = Ker
H1(L,BP∞)→∏
v∤p
H1(Lv, B)(P)
 ,
where now the product is taken over all primes v of L which do not lie above the prime p of K.
Theorem 3.9. We have
SelP∞(B/F∞) = Sel
′
P∞(B/F∞) = Hom(X(F∞), BP∞).
Proof. Since B has good reduction everywhere over F , the GF -module BP∞ is unramified outside the
set of primes of F lying above p. Combining this with the fact that BP∞ is fixed by Gal(F¯ /F∞), an
entirely similar argument to that given in the proof of Theorem 12 of [6] shows that
Sel′P∞(B/F∞) = Hom(X(F∞), BP∞).
Hence the assertion of the theorem will follow once we have shown that, for the unique place v of F∞
above p, we have
(3.1) H1(F∞,v, B)(P) = 0.
Since F∞/K is totally ramified at the unique prime above p, it follows that the residue field of v restricted
to Fn is always equal to kv = Z/2Z. Let B
′ denote the dual abelian variety of B over K, so that B′ also
has good reduction everywhere over F . We write B′v for the reduction of B
′ modulo v. Fix at first the
integer n ≥ 1. Then Tate local duality at v shows that, for all integers m ≥ 1, H1(Fn,v, B)pin is dual
to B′(Fn,v)/π
∗mB′(Fn,v), where π
∗ denotes the complex conjugate of π for the CM field T . Now v lies
above p, and so π∗m is an automorphism of the formal group of B′ at v, whence
B′(Fn,v)/π
∗mB′(Fn,v) = B
′
v(kv)/π
∗mB′v(kv).
Passing to the inductive limit, we conclude thatH1(Fn,v, B)(P) is dual toB
′
v(kv)(P
∗), and soH1(F∞,v, B)(P)
will be dual to the projective limit of the B′v(kv)(P
∗) with respect to the norm maps up the tower F∞/F .
But the Galois group of F∞/F acts trivially on the finite group B
′
v(kv)(P
∗), and so the projective limit
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of these groups with respect to the norm map is clearly zero. Thus completes the proof of (3.1) and the
theorem. 
Proposition 3.10. Recalling that ∆ = Gal(F∞/K∞), we have
Sel′P∞(B/F∞) = Sel
′
P∞(B/F∞)
∆.
Proof. As before, let ǫ be the non-trivial element of ∆, so that ǫ acts on BP∞ by −1. Thus, if f belongs
to Hom(X(F∞), BP∞), we have (ǫf)(x) = −f(ǫx) for all x in X(F∞). Hence
Sel′P∞(B/F∞)
∆ = Hom(X(F∞)/(1 + ǫ)X(F∞), BP∞).
But (1 + ǫ)X(F∞) ⊂ X(F∞)∆, and this latter group is zero by Lemma 3.6, whence the assertion of the
proposition follows. 
Proposition 3.11. For all n ≥ 0, the restriction map yields an isomorphism
Sel′P∞(B/Fn) ≃ Sel′P∞(B/F∞)Γn ,
where Γn = Gal(F∞/Fn).
Proof. By the definition of the Selmer group, the restriction maps gives rise to the following commutative
diagram with exact rows:
0 // Sel′P∞(B/Fn)

// H1(Fn, BP∞)

//
∏
v∤pH
1(Fn,v, B)(P)

0 // Sel′P∞(B/F∞)
Γn // H1(F∞, BP∞)
Γn //
(∏
w∤pH
1(F∞,w, B)(P)
)Γn
.
Now the middle vertical map is an isomorphism. IndeedH2(Γn, BP∞) = 0 because Γn has 2-cohomological
dimension equal to 1, and a well known argument (see the proof of Lemma 2.11 in [4]) shows that also
H1(Γn, BP∞) = 0. Moreover, the right vertical map is injective because B has good reduction at all
primes v, and the extension F∞,w/Fn,v is unramified when w does not lie above the prime p of K. The
assertion of the lemma now follows. 
Theorem 3.12. For all n ≥ 0, we have RankZ(B(Fn)) = RankZ(B(Kn)), and the Z2-corank of
X(B/Fn)(P) is equal to the Z2-corank of X(B/Kn)(P), for all n ≥ 0.
Proof. Note first that it follows immediately from Propositions 3.10 and 3.11 that, for all n ≥ 0, we have
(3.2) Sel′P∞(B/Fn)
∆ = Sel′P∞(B/Fn).
Now since ∆ is of order 2, one sees easily that the kernel and cokernel of the restriction map from
Sel′P∞(B/Kn) to Sel
′
P∞(B/Fn)
∆ are annihilated by 2, and so it follows from (3.2) that, for all n ≥ 0,
we have
(3.3) Z2 − corank of Sel′P∞(B/Kn) = Z2 − corank of Sel′P∞(B/Fn).
Define the modified Shafarevich-Tate group via the exactness of the sequence
0→X′(B/Kn)→ H1(Kn, B)→
∏
v∤p
H1(Kn,v, B),
where v runs over all the finite places of Kn distinct from p. Note that we then have the exact sequence
(3.4) 0→ B(Kn)⊗B (TP/BP)→ Sel′P∞(B/Kn)→X′(B/Kn)(P)→ 0.
We have an entirely similar exact sequence for the field Fn. Denote by gKn , tKn the Z2-corank of
B(Kn) ⊗B (TP/BP), and of X′(B/Kn)(P), respectively. Define gFn , tFn in an entirely analogous
fashion for the field Fn. It follows immediately from (3.3) that we have
(3.5) gKn + tKn = gFn + tKn .
Note further that tKn ≤ tFn and gKn ≤ gFn , because the restriction maps
X
′(B/Kn)(P)→X′(B/Fn)(P) and B(Kn)⊗B (TP/BP)→ B(Fn)⊗B (TP/BP)
have finite kernels. Therefore, we conclude from (3.5) that gKn = gFn , tKn = tFn . The first assertion of
the theorem now follows easily. For the second assertion, note that we have the exact sequence
0→X(B/Kn)(P)→X′(B/Kn)(P)→ H1(Kn,w, B)(P),
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where w denotes the unique prime of Kn above p. But an entirely similar argument with Tate local
duality to that used above in the proof of Theorem 3.9 shows that the group on the extreme right of this
last exact sequence is finite. Hence tKn is equal to the Z2-corank of X(B/Kn)(P). Similarly, we find
that tFn is the Z2-corank of X(B/Fn)(P), and the proof of the theorem is now complete. 
4. Ellitpic units for the field F∞ = K(BP∞).
The aim of the present section is to define, for every n ≥ 0 a suitable group of elliptic units for the field
Fn = K(BPn+2), which we will denote by C(Fn), and to prove the existence of a suitable interpolating
power series for them. We use a variant of the method first pioneered in [11].
We recall that we have fixed a global minimal generalized Weierstrass equation (2.3) for A/H . Now
j(A) = j(OK) and H = K(j(OK)), so that our fixed embedding of K in C induces an embedding of
H into C. The Neron differential dx/(2y + a1x + a3) then has a complex period lattice of the form
L = Ω∞(A)OK , where Ω∞(A) is uniquely determined up to sign. Let I denote the ring of integers of
the completion of the maximal unramified extension of Kp. We fix an embedding of H into the fraction
field of I , which will determine a place of H above p which we will denote by w throughout this section.
We first determine the conductors of some of the abelian extensions of K which arise in the rest of
the section.
Lemma 4.1. Let f be any integral ideal of K which is divisible by the conductor q of φ. Then H(Af) is
equal to the ray class field of K modulo f.
Proof. The classical theory of complex multiplication shows that the ray class field of K modulo f is
contained in the field H(Af). Conversely, suppose that α is an element of K with ordv(α− 1) ≥ ordv(f)
for all places v of K dividing f, and write (α)K and (α)H for the respective principal ideals of K and H
generated by α. Note that the abelian extension H(Af)/K is unramified outside the set of primes of K
dividing f, because all primes of bad reduction for A/H must divide the ideal of H generated by f. Write
mK for the Artin symbol of (α)K in Gal(H(Af)/K). We must show that mK fixes Af. To do this, let
us consider the Artin symbol mH of (α)H for the abelian extension H(Af)/H . By the definition of the
Grossencharacter, the Artin symbol mH acts on Af by multiplication by the endomorphism
ψA/H((α)H) = φ((α)
h
K ) = α
h,
whence it is clear thatmH fixes Af. But by the functorality of the Artin symbol, we know thatmK = m
h
H ,
and so it follows that mK also fixes Af, as required. 
Recall that Fn = H(Apn+2) = HFn.
Lemma 4.2. For all n ≥ 0, the conductors of the abelian extensions Fn/K and Fn/K are both equal to
fn = qp
n+2.
Proof. By the previous lemma, we know that H(Afn) is equal to the ray class field of K modulo fn. But
Fn ⊂ Fn ⊂ H(Afn),
and so the conductors of Fn/K and Fn/K must both divide fn. But Kn/K has conductor equal to
pn+2, since otherwise it would be contained in the field HKn−1, and this is impossible because p has
ramification index 2n in Kn. Since Kn ⊂ Fn, it follows that the conductors of Fn/K and Fn/K must
both be divisible by pn+2. Moreover, B has good reduction everywhere over the field Fn, and thus its
Grossencharacter over this field, which is φ ◦NFn/K , must have trivial conductor. Hence the conductor
q of φ must divide the conductor of Fn/K. Similarly, A has good reduction everywhere over Fn, whence
again q must divided the conductor of Fn/K. As p and q are relatively prime, this completes the
proof. 
While our aim is to define a group of elliptic units for each of the fields Fn = K(BPn+2), we need
first to discuss the appropriate group of elliptic units for the fields Fn = H(Apn+2). Let us introduce the
index set
(4.1) J = {α : α ∈ OK , α 6= 0,±1, (α, 6q) = 1, α ≡ 1 mod p2}.
The congruence α ≡ 1 mod p2 imposed on the elements of J is not strictly necessary, but we will use
it to avoid some technical complications in later arguments. For each α ∈ J , we defined the rational
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function rα,A(P ) on A/H by
(4.2) rα,A(P ) =
∏
V
(x(P )− x(V ))−1,
where V runs over any set of representatives of the set of non-zero elements of the Galois module Aα
modulo ±1. Here P = (x, y) is a generic point on (2.3). As is shown by a very elementary argument in
the Appendix of [7], there exists a unique non-zero cα(A) ∈ H such that the normalized function
(4.3) Rα,A(P ) = cα(A)rα,A(P )
satisfies
(4.4) Rα,A(β(P )) =
∏
W∈Aβ
Rα,A(P ⊕W )
for all non-zero β in OK with (β, α) = 1; here the symbol ⊕ denotes the group law on the elliptic curve A.
Recall that we have a natural embedding of H in C, and that L = Ω∞(A)OK is the period lattice of the
Neron differential on our generalized Weierstrass equation (2.3) for A/H . We then have the Weierstrass
isomorphism W(z,L) : C/L → A(C) given by
(4.5) W(z,L) = (℘(z,L)− b2/12, 1
2
(℘′(z,L)− a1(℘(z,L)− b2/12)− a3),
where b2 = a
2
1 + 4a2, and ℘(z,L) is the classical Weierstrass ℘-function of the lattice L. We now define
a primitive
√−q-division point on A by
(4.6) Q =W(Ω∞(A)/
√−q,L).
Following an idea already introduced in [10], we then define
(4.7) Rα,A(P ) =
∏
τ∈Gal(H(Aq)/H)
Rα,A(P ⊕Qτ ),
which is thus a rational function on A with coefficients in H . Plainly Rα,A(P ) depends only on the orbit
of Q under the action of Gal(H(Aq)/H), but note that, in view of Lemma 4.1, this Galois group does
not act transitively on the set of all primitive q-division points of A. It is this which guarantees the all
important fact that Rα,A(P ) 6= Rα,A(⊖P ), where ⊖ denotes the subtraction on the elliptic curve.
It is also important to define intrinsic analogues of the rational function Rα,A(P ) for every conjugate
curve of A/H under the action of the Galois group G = Gal(H/K). In what follows, a, b, · · · will denote
integral ideals of K, which will always be assumed to satisfy (a, q) = 1. Given such an ideal a, for
simplicity we write Aa for the elliptic curve over H which is obtained by applying the Artin symbol of a
in G to the coefficients of the equation (2.3) for A. Now the endomorphism φ(a) of the abelian variety
B defines also a canonical H-isogeny
(4.8) ηA(a) : A→ Aa,
with kernel precisely Aa. Then, as is explained in §4 of [16], the pull back by ηA(a) of the Neron
differential ωa on A
a must be of the form ξ(a)ω, where ω denotes the Neron differential on A and ξ(a) is
a uniquely determined non-zero element of H . Further, always with our fixed embedding of H into C, the
complex period lattice La of ωa is then equal to ξ(a)Ω∞(A)a−1. Now write W(z,La) : C/La → Aa(C)
for the Weierstass isomorphism, and let Q(a) be the q-division point on Aa defined by
(4.9) Q(a) =W(ξ(a)Ω∞(A)/
√−q,La).
We then define the rational function on Aa/H by
(4.10) Rα,Aa(P ) =
∏
τ∈Gal(H(Aaq)/H)
Rα,Aa(P ⊕Q(a)τ ).
Thanks to Lemma 4.1, the fields H(Aaq) are all equal to H(Aq), and then (see §4 of [16]) the Artin symbol
of a in Gal(H(Aq)/K) maps Q to Q(a). It follows easily that, whenever a and b are integral ideals of K,
which are prime to q and lie in the same ideal class, then necessarily Rα,Aa(P ) = Rα,Ab(P ).
We first define the group of elliptic units for the field Fn = H(Apn+2) for any integer n ≥ 0. Recall that
Vn denotes a primitive p
n+2-division point on the curve A. We then define C(Fn) to be the subgroup of
F×n which is generated by all conjugates of Rα,A(Vn) under the action of the Gal(Fn/K) and all α ∈ J .
We shall show below that the elements of C(Fn) are indeed global units. We recall that, if c is any
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integral ideal of K prime to pq, τc denotes the Artin symbol of c in Gal(F∞/K). Since τc(A) = A
c and
τc(Vn) = ηA(c)(Vn), the action of Gal(Fn/K) on Rα,A(Vn) is given by the following lemma.
Lemma 4.3. For all n ≥ 0, and all integral ideals c of K prime to pq, we have
(4.11) (Rα,A(Vn))
τc = Rα,Ac(ηA(c)(Vn)).
We next discuss the behaviour of C(Fn) under the norm map NFn/Fn−1 from Fn to Fn−1. Note that the
conjugate curve Ap is perfectly well defined, but of course the Artin symbol of p cannot be defined in
Gal(F∞/K). However, we recall that Gal(F∞/F∞) is isomorphic to Gal(H/K) under restriction, and
that we use δ to denote the unique element of Gal(F∞/F∞) whose restriction is the Artin symbol of p
in Gal(H/K). Now we have the H-isogeny
ηA(p) : A→ Ap,
whose kernel is precisely Ap. Thus ηA(p)(Vn) must be a primitive p
n+1-division point on the curve Ap.
On the other hand, it is shown in Theorem 4 of the Appendix of [7] that the rational functions Rα,A(P )
behave nicely with respect to isogenies of degree prime to α. Since (p, α) = 1 because (α, 6) = 1, the
following lemma then follows easily.
Lemma 4.4. We have
(4.12) Rα,Ap(ηA(p)(P )) =
∏
V ∈Ap
Rα,A(P ⊕ V ).
Now for n ≥ 1, we have [Fn : Fn−1] = 2 and the conjugates of Vn under the action of Gal(Fn/Fn−1) are
precisely the Vn ⊕ V with V ∈ Ap. Hence we immediately obtain
Corollary 4.5. For all n ≥ 1, we have NFn/Fn−1(Rα,A(Vn)) = Rα,Ap(ηA(p)(Vn)).
On the other hand, we have already fixed in section 2 (see (2.11)) the convention that we have chosen
the primitive pn+1-division point Vn−1 so that δ(Vn−1) = ηA(p)(Vn). Hence the above corollary can be
rewritten as giving
NFn/Fn−1(Rα,A(Vn)) = δ(Rα,A(Vn−1)) (n ≥ 1).
Hence we immediately obtain the theorem.
Theorem 4.6. For all n ≥ 1, we have
NFn/Fn−1(δ
−n(Rα,A(Vn))) = δ
−(n−1)(Rα,A(Vn−1)).
Corollary 4.7. Every element of C(Fn) is a global unit.
Indeed, since every prime of Fn which does not lie above p is unramified in F∞ and its decomposition
group is of finite index, it follows easily from the universal norm property of Theorem 4.6 (see Lemma 5
of [7]) that the only primes which can possibly divide Rα,A(Vn) must divide p. On the other hand, the
following classical lemma shows that Rα,A(Vn) is a unit at each prime w of H above p since the power
series in the lemma, in the special case when b = OK , will certainly converge at tw(Vn) to a unit at w.
Let b be any integral ideal of K prime to q, and write Pb = (xb, yb) for the generic point on the
equation for Ab obtained by applying the Artin symbol of b to the coefficients of (2.3). For each prime
w of H above p, let OH,w be the ring of integers of the completion of OH at w. Then tb,w = −xb/yb is
a parameter for the formal group of Ab at w.
Lemma 4.8. For each integral ideal b of K prime to q, the tb,w-expansion of Rα,Ab(Pb) is a unit in the
power series ring OH,w[[tb,w]].
Proof. This is a well known classical argument (see the proof of Lemma 23 of [10] or Lemma 8 of [7])
and we omit the details. Note that we also use the fact that cAb(λ) is a unit in OH,w because it is shown
in the Appendix to [7] that cα(A
b)12 = ∆(Ab)(Nα−1)/α12, where ∆(Ab) is the discriminant of our global
minimal equation for Ab, and we have (p,∆(Ab)α) = 1. 
We now turn to the fields Fn = K(BPn+2), where, of course, the only natural thing to do is to define
the group of elliptic units C(Fn) of Fn by
(4.13) C(Fn) = NFn/Fn(C(Fn)),
where NFn/Fn denotes the norm map from Fn to Fn. Thus, writing
(4.14) uα,n = NFn/Fn(Rα,A(Vn)),
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these uα,n are global units in Fn, and, since the restriction of δ to Fn lies in Gal(Fn/Fn), we conclude
immediately from Theorem 4.6 that
(4.15) NFn/Fn−1(uα,n) = uα,n−1 (n ≥ 1).
We write
(4.16) uα,∞ = (uα,n)
for this norm compatible system of elliptic units. However, unlike the situation for the field F∞, it seems
that these units uα,n cannot be obtained for all n ≥ 0 by evaluating a single rational function on A at
the point Vn. All we can do in this direction is the following. Recall that Cn denotes a set of integral
ideals of K prime to pq whose Artin symbols in Gal(Fn/K) give precisely Gal(Fn/Fn), and define the
rational function Dα,n(P ) on A/H by
(4.17) Dα,n(P ) =
∏
c∈Cn
Rα,Ac(ηA(c)(P )).
Lemma 4.9. For all integers n and k with n ≥ 0 and 0 ≤ k ≤ n, we have Dα,n(Vk) = uα,k.
Proof. This clear from Lemma 4.3 and the fact that Gal(Fn/Fn) is isomorphic under restriction to
Gal(Fk/Fk) for 0 ≤ k ≤ n. 
Lemma 4.10. For each prime w of H above p, the rational function Dα,n(P ) has a tw-expansion
dα,n(tw) which lies in OH,w[[tw]], and is a unit in this ring.
Proof. By Lemma 4.8, for each c ∈ Cn, the rational function Rα,Ac(Pc) has a tc,w-expansion which is a
unit in OH,w[[tc,w]]. Now the isogeny ηA(c) : A→ Ac induces a homomorphism of formal groups
η̂A,c,w : Âw → Âcw,
where Âw and Âcw denote the respective formal groups of A and A
c at w. In particular, such a homomor-
phism is realized by a formal power series tc,w = η̂A,c,w(tw) in OH,w[[tw]] with η̂A,c,w(0) = 0. Substituting
this formal power series in the unit power series expansion in OH,w[[tc,w]] of Rα,Ac(Pc), and taking the
product over all c ∈ Cn, the assertion of the lemma follows. 
Now the power series ring OH,w[[tw]] is a regular local ring of dimension 2, which is complete for the
topology defined by the powers of its maximal ideal m.
Proposition 4.11. The sequence of unit power series dα,m(tw) (m = 0, 1, · · · ) in OH,w[[tw]] converges
to a unique unit power series dα,∞(tw) in OH,w[[tw]], satisfying dα,∞(tw(Vn)) = uα,n for all n ≥ 0.
Proof. For all m2 ≥ m1, it follows from Lemma 4.9 that the power series
dα,m2(tw)− dα,m1(tw)
vanishes at the points tw(Vk) (k = 0, · · · ,m1) and all conjugates of these points over Hw. Thus
dα,m2(tw)− dα,m1(tw) is divisible in OH,w[[tw]] by the monic polynomial Pm1(tw) whose roots are given
by all conjugates of the tw(Vk)(k = 0, · · · ,m1) over Hw. Since it is easily seen that Pm1(tw) tends
to zero in the m-adic topology as m1 → ∞, it follows by completeness that the limit power series
dα,∞(tw) = limm→∞ dα,m(tw) exists, and satisfies dα,∞(tw(Vn)) = uα,n for all n ≥ 0. This completes
the proof.

5. Canonical measures attached to elliptic units.
The aim of this section is to show how to relate norm compatible systems of elliptic units in the tower
F∞/F to the the complex L-values L(φ¯
k, k) for all integers k ≥ 1, again broadly following the method
introduced in [11]. We recall that δ always denotes the unique element of Gal(F∞/F∞) whose restriction
to Gal(H/K) is the Artin symbol of p. Thus, for any place w of H above p, we can view δ as a generator
of Gal(Hw/Kp), where Hw denotes the completion of H at w. If J(P ) is any rational function on A/H ,
we shall write Jδ(Pp) for the rational function on A
p/H obtained by applying δ to the coefficients of
J(P ).
We first establish the following analogue of (4.12).
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Lemma 5.1. For all n ≥ 0, we have
(5.1) Dδα,n(ηA(p)(P )) =
∏
V ∈Ap
Dα,n(P ⊕ V ).
Proof. For each c ∈ Cn, we have the equality of isogenies
ηAp(c) ◦ ηA(p) = ηAc(p) ◦ ηA(c) = ηA(cp),
whence it follows easily that
(5.2) Dδα,n(ηA(p)(P )) =
∏
c∈Cn
Rα,Acp(ηAc(p)(ηA(c)(P )).
Since p is prime to α, the good behaviour of the R-functions with respect to isogeny (see Theorem 4 of
[7]) shows that
Rα,Acp(ηAc(p)(Pc)) =
∏
W∈Acp
Rα,Ac(Pc ⊕W ).
The assertion of the lemma then follows on noting that the isogeny ηA(c) maps Ap isomorphically to A
c
p
because of our assumption that (c, p) = 1 for c ∈ Cn. This completes the proof. 
As in the previous section, we write dα,n(tw) for the formal power series expansion of the rational
function Dα,n(P ) on A/H in terms of the parameter tw of the formal group of A at w, say dα,n(tw) =∑
k≥0 eα,n(k)t
k
w. It is then clear that the rational function D
δ
α,n(Pp) on A
p has the expansion in terms of
the parameter tp,w of the formal group of A
p at w given by dδα,n(tp,w) =
∑
k≥0 δ(eα,n(k))t
k
p,w. Moreover,
since dα,∞(tw) = limn→∞ dα,n(tw), we see that limn→∞ d
δ
α,n(tp,w) also exists, and we denote this limit
by dδα,∞(tp,w). All of these formal power series are, of course, units. Then, for 0 ≤ n ≤ ∞, we can define
the power series
(5.3) Dα,n,w(tw) = dα,n(tw)
2/dδα,n(η̂A,p,w(tw)),
where, as before, η̂A,p,w : Âw → Âpw is the map between formal groups induced by the isogeny ηA(p).
Lemma 5.2. For 0 ≤ n ≤ ∞, the power series Dα,n,w(tw) lies in 1 + mH,w[[tw]], where mH,w denotes
the maximal ideal of the ring of integers of the completion of H at w.
Proof. Since φ is the Serre-Tate character of B/K, the reduction of the endomorphism φ(p) of B must
be the Frobenius endomorphism of the reduction of B modulo p, from which it follows easily that
(5.4) η̂A,p,w(tw) ≡ t2w mod mH,w.
Hence
dδα,n(η̂A,p,w(tw)) =
∞∑
k=0
δ(eα,n(k))(η̂A,p,w(tw))
k ≡
∞∑
n=0
eα,n(k)
2t2kw mod mH,w.
On the other hand, dα,n(tw)
2 has tw-expansion
(
∞∑
k=0
eα,n(k)t
k
w)
2 ≡
∞∑
k=0
eα,n(k)
2t2kw mod mH,w,
whence the power series (5.3) does indeed lie in 1 + mH,w[[tw]], as claimed. 
Lemma 5.3. For 0 ≤ n ≤ ∞, the power series Jα,n,w(tw) = 12 log(Dα,n,w(tw)) lies in OH,w[[tw]], and
satisfies the identity
(5.5)
∑
V ∈Ap
Jα,n,w(tw[+]tw(V )) = 0,
where [+] denotes the group law of the formal group of Âw.
Proof. The first assertion follows immediately from Lemma 5.2 because Hw is an unramified extension
of Q2. Moreover, for 0 ≤ n ≤ ∞, Lemma 5.1 shows that
(5.6)
∏
V ∈Ap
Dα,n(tw[+]tw(V )) = 1.
But then we conclude that this identity must also hold for n = ∞ by passage to the limit as n → ∞.
The second assertion of the lemma now follows on taking logarithms, and noting that the points in Ap
do indeed lie on the formal group Âw. 
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We now fix an embedding of H into the maximal unramified extension of Kp which induces the prime
w of H . Let I denote the ring of integers of the completion of the maximal unramified extension of Kp.
Since the formal group Âw has height 1, a classical theorem asserts that it is isomorphic over I to the
formal multiplicative group Ĝm, and we fix such an isomorphism
(5.7) jw : Ĝm ≃ Âw.
Writing W for the parameter of the formal multiplicative group, the isomorphism jw can be viewed as
being given by a formal power series tw = jw(W ) in W with coefficients in I of the form jw(W ) =
Ωw(A)W + · · · , where Ωw(A) is a unit in I . For 0 ≤ n ≤ ∞, we can then define the power series
(5.8) Jα,n,w(W ) = Jα,n,w(jw(W )),
which, in view of (5.5), satisfies
(5.9)
∑
ζ∈µ2
Jα,n,w(ζ(1 +W )− 1) = 0,
where µ2 = {±1}. Let ΛI (Op) (resp. ΛI (O×p )) be the ring of I -valued measures on Op (resp. O×p ).
Thanks to Mahler’s beautiful theorem on the characterization of continuous 2-adic valued functions on
Op = Z2, we have the topological ring isomorphism
(5.10) M : ΛI (Op) ≃ I [[W ]],
which is defined by M(µ) =
∑
n≥0 an(µ)W
n, where an(µ) =
´
Op
(
x
n
)
dµ for all n ≥ 0. Now we have the
inclusion i : ΛI (O×p ) → ΛI (Op) given by extending a measure on O×p to Op by zero. Moreover, it is
well known that a measure µ belongs to i(ΛI (O×p )) if and only if M(µ) satisfies the equation
(5.11)
∑
ζ∈µ2
M(µ)(ζ(1 +W )− 1) = 0.
In particular, we conclude from (5.9) that, for all n with 0 ≤ n ≤ ∞ there exists a unique measure µα,n,w
in ΛI (O×p ) such that M(i(µα,n,w)) = Jα,n,w(W ). Recalling that we can canonically identify the Galois
group G with O×p via the character ρP, we shall in what follows always view the µα,n,w as I -valued
measures on G. Moreover, we have
(5.12) µα,∞,w = lim
n→∞
µα,n,w.
In the following, when there is no danger of confusion about the place w of H lying above p, we shall
simply write µα,∞ for µα,∞,w.
We recall that we have fixed an embedding of the field T into C which extends our embedding of
K into C, so that we can then consider the complex Hecke L-functions L(φ¯k, s) for all integers k ≥ 1.
Now the Hecke character φ¯k has conductor q or OK , according as k is odd or even. For all k ≥ 1, we
shall write Lq(φ¯
k, s) for the Euler product with the Euler factor at q removed (so that this L-series is
imprimitive when k is even). Finally, we fix an embedding of the compositum T H into the fraction field
of I which induces the prime w of H and the prime P of T . This is possible because H ∩ T = K.
Theorem 5.4. For all integers k ≥ 1, the values Ω∞(A)−kLq(φ¯k, k) belong to T H, and we have
(5.13) Ωp(A)
−k
ˆ
G
ρkPdµα,∞ = bk(α)(k − 1)!Ω∞(A)−kLq(φ¯k, k)(1− φk(p)/Np),
where bk(α) = (−1)k−1(√−q)k(φk((α)) −Nα).
The crucial step in proving this theorem is the following classical result. If b is any integral ideal of K
prime to q, we write γb for the class of b. We then define the partial Hecke L-function Lq(φ¯
k, γb, s) by
(5.14) Lq(φ¯
k, γb, s) =
∑
c∈γb
φ¯k(c)
(Nc)s
,
where the sum is taken over all integral ideals c of K, which are prime to q, and which lie in the class γb.
Proposition 5.5. Let b be any integral ideal of K prime to q. Then, for all α ∈ J , we have
(5.15)
d
dz
log(Rα,Ab(ηA(b)(W(z,L))) =
∞∑
k=1
bk(α)φ(b)
kΩ∞(A)
−kLq(φ¯
k, γb, k)z
k−1.
where bk(α) = (−1)k−1(√−q)k(φ((α))k −Nα).
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Proof. The proof (see [10]) rests upon a miraculous product formula from the 19th century theory of
elliptic functions. We recall rapidly this product formula, and its link with our rational functions Rα,Ab ,
without giving a fully detailed, but essentially straightforward, proof of the Proposition. Let L be any
lattice in C, say L = uZ+ vZ, with v/u having positive imaginary part. We define
A(L) = (uv − vu)/2πi, s2(L) = lim
s→0
∑
ω 6=0∈L
ω−2|ω|−2s,
where the limit is taken over real values of s > 0. For each integer k ≥ 1, we have the Kronecker-Eisenstein
series
Hk(z, s, L) =
∑
ω∈L
(z + ω)k
|z + ω|2s ,
where we assume that z /∈ L. This series converges in the half plane R(s) > 1 + k/2, but it has a
holomorphic continuation to the whole s-plane. We then define
E∗k (z, L) = Hk(z, k, L).
The all important classical infinite product which we use is
σ(z, L) = z
∏
ω∈L\0
(1− z/ω) exp(z/ω + 1
2
(z/ω)2),
and we then define
θ(z, L) = exp(−s2(L)z2/2)σ(z, L).
Taking logarithmic derivatives, we easily obtain from the infinite product that, for all z0 ∈ C with z0 /∈ L,
we have
(5.16)
d
dz
log(θ(z + z0, L)) = z0/A(L) +
∞∑
k=1
(−1)(k−1)E∗k (z0, L)zk−1.
We now take these functions for the lattice Lb, and we have the following equality (see [16], Theorem
1.9):
(5.17) Rα,Ab(W(z,Lb))2 = cα(Ab)2θ(z,Lb)2Nα/θ(z, α−1Lb)2.
Now take E to be any set of integral of K, prime to q, whose Artin symbols in Gal(H(Aq)/K) give
precisely Gal(H(Aq)/H). Recalling that H(Aq) = H(A
b
q), and taking the q-division point on A
b given
by Q(b) =W(ξ(b)Ω∞(A)/√−q,Le), we then have (see [16], Proposition 5.5)
(5.18) (
√−q)k(φ(b)/ξ(b))kΩ∞(A)−kL(φk, γb, k) =
∑
e∈E
E∗k (φ(e)ξ(b)Ω∞(A)/
√−q,Lb).
On combining equations (5.16), (5.17), (5.18), recalling the definition (4.10), and noting that
(5.19) ηA(b)(W(z,L)) =W(ξ(b)z,Lb),
the formula (5.15) follows easily. This completes the proof. 
Corollary 5.6. For all integral ideals b of K prime to q and all integers k ≥ 1,
bk(α)φ(b)
k(k − 1)!Ω∞(A)−kLq(φ¯k, γb, k)
belongs to H and is integral at w.
Proof. Since Rα,Ab(ηA(b)(P )) is a rational function on A/H , the first assertion is clear from (5.15).
Moreover, we have already seen (see Lemma 4.8) that this rational function has an expansion, in terms
of the parameter tw of the formal group Âw, which is a unit in OH,w[[tw]]. Now we can interpret the
differential operator d/dz in terms of the formal group Âw as follows. The exponential map of Âw is
given by expanding tw = νw(z), where νw(z) is given by expanding the right hand side of
(5.20) tw = −2(℘(z,L)− b2/12)/(℘′(z,L)− a1(℘(z,L)− b2/12)− a3),
as a power series in z. The logarithm map of Âw is given by the inverse series under composition, say
(5.21) z = λw(tw).
We shall simply write λ′w(tw) for the formal derivative of the power series λw(tw) with respect to tw. By
one of the basic properties of such a logarithm map, λ′w(tw) is in fact a unit power series in OH,w[[tw]].
But we have d/dz = (λ′(tw))
−1d/dtw. Hence, since the tw-expansion of Rα,Ab(ηA(b)(P )) is a unit in
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OH,w[[tw]], we conclude that, for all integers k ≥ 1, the tw-expansion of (d/dz)k logRα,Ab(ηA(b)(P )) will
lie in OH,w[[tw]]. In particular, its constant term will lie in OH,w, proving the second assertion of the
corollary. 
Proposition 5.7. For all integers n ≥ 0 and k ≥ 1, we have
(5.22) Ωp(A)
−k
ˆ
G
ρkPdµα,n = bk(α)(k − 1)!Ω∞(A)−k
∑
c∈Cn
φk(c)(Lq(φ¯
k, γc, k)− φ(p)
k
Np
Lq(φ¯
k, γcp, k)).
Proof. The exponential map of the formal group Ĝm is given by W = e
z − 1. Thus, by the uniqueness
of the exponential map for Âw, it follows that we must have
(5.23) tw = νw(z) = jw(e
z/Ωv(A) − 1).
Now it is very well known (see, for example, [8]) that, for all integers k ≥ 1, we have
(5.24)
ˆ
G
ρkPdµα,n =
ˆ
Z2
xkdµα,n = (d/dz)
kJα,n(W )|z=0.
But obviously
(d/dz)kJα,n(e
z − 1) = Ωv(A)k(d/dz)kJα,n(ez/Ωv(A) − 1).
In view of (5.23), we conclude from (5.8) that
(5.25) Ωv(A)
−k
ˆ
G
ρkPdµα,n = (d/dz)
kMα,n(tw)|z=0.
But
Mα,n(tw) =
1
2
∑
c∈Cn
log(Rα,Ac(ηA(c)(W(z,L))2/Rα,Acp(ηA(cp)(W(z,L))).
Hence the conclusion of the proposition follows immediately from (5.25) and applying Proposition 5.5
with b = c and b = cp. This completes the proof. 
We can now prove Theorem 5.4. In view of (5.12), we have, for all integers k ≥ 1,ˆ
G
ρkPdµα,∞ = lim
n→∞
ˆ
G
ρkPdµα,n.
We recall that we have fixed an embedding of the compositum HT into the fraction field of I which
induces the prime w onH and the primeP on T . Recall also that for c ∈ Cn, we have φ(c) ≡ 1 modPn+2.
Moreover, for each n ≥ 0, Cn gives a complete set of representatives of the ideal class group of K. It is
therefore clear that Theorem 5.4 will follow from on passing to the limit as n → ∞ from (5.22). This
completes the proof.
6. Iwasawa theory of the local tower Kp(BP∞)/Kp
We need to establish the local theory at the prime p for the tower F∞/K in order to prove the main
conjecture. Of course, the local extension Kp(BP∞)/Kp is not given by the points of finite order on
a Lubin-Tate group. However, we take our fixed prime w of H above p, and we show that, since the
class number of K is odd, we can fairly easily derive what is needed from the classical theory for the
Lubin-Tate extension Hw(Ap∞)/Hw.
Put r = [Hw : Kp], so that r is the order of both δ, and the ideal class of p, and, of course, r is odd
because it divides the class number of K. Define
(6.1) Hw,∞ = Hw(Ap∞), F∞,p = Kp(BP∞),
and put
(6.2) Gw = Gal(Hw,∞/Hw), Gw,∞ = Gal(Hw,∞/Kp), ∆w = Gal(Hw,∞/F∞,p),
so that Gw,∞ = Gw×∆w. Of course, Hw/Kp is unramified, p is totally ramified in F∞,p, and w is totally
ramified in Hw,∞. Let Fn,p = Kp(BPn+2) and Hn,w = Hw(Apn+2), and write U(Fn,p) and U(Hn,w) for
their respective groups of local units. Define
(6.3) U(F∞,p) = lim←−
n
U(Fn,p), U(H∞,w) = lim←−
n
U(Hn,w),
where the projective limits are taken with respect to the local norm maps. We recall that we have fixed
a set {Vn} of primitive pn+2-division points on A, which are compatible in the sense that (2.11) holds
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for all n ≥ 0. We write, as before, tw for the parameter of the formal group Âw of A at w, and OH,w for
the ring of integers of Hw. The following is de Shalit’s extension of Coleman’s theorem [15].
Theorem 6.1. For each u∞ = (un) in U(H∞,w), there exists a unique power series Cu∞(tw) in
OH,w[[tw]] such that un = δ−n(Cu∞(tw(Vn))) for all n ≥ 0.
We shall also need the following corollary of this theorem.
Corollary 6.2. For each u∞ = (un) in U(F∞,p), there exists a unique power series Cu∞(tw) in
OH,w[[tw]] such that un = Cu∞(tw(Vn)) for all n ≥ 0.
To deduce the corollary from the theorem, we note that, for all m ≥ n, Gal(Fm,w/Fn,w) is isomorphic
to Gal(Fm,p/Fn,p) under restriction. Hence u∞ clearly can be viewed as an element of U(H∞,w), and so
has its Coleman power series Cu∞(tw). This Coleman power series then has the interpolation property
stated in the corollary because δn(un) = un for all n ≥ 0. The uniqueness in both results is obvious from
the Weierstrass Preparation Theorem.
Let u∞ = (un) be any element of U(H∞,w), with Coleman power series Cu∞(tw). Define
(6.4) Cu∞(tw) = Cu∞(tw)
2/Cδu∞(η̂A,p,w(tw)).
Lemma 6.3. The power series Au∞(tw) =
1
2 logCu∞(tw) lies in OH,w[[tw]], and satisfies the identity
(6.5)
∑
V ∈Ap
Au∞(tw[+]tw(V )) = 0,
where [+] denotes the group law of the formal group of Âw.
Proof. An entirely similar argument to that given in the proof of Lemma 5.2 shows that Cu∞(tw) belongs
to 1 + mH,w[[tw]], and so the first assertion of the lemma follows. Moreover, it is shown in [15] (see
Proposition 2.1 on p. 12 and Corollary 2.3, (ii) on p. 14) that
Cδu∞(η̂A,p,w(tw)) =
∏
V ∈Ap
Cu∞(tw[+]tw(V )),
whence the second assertion of the lemma also follows easily on taking logarithms. 
Recall (5.7) that we have fixed an I -isomorphism jw : Ĝm ≃ Âw, and so, writingW for the parameter
of the formal multiplicative group, we can then define the power series
(6.6) Bu∞(W ) = Au∞(jw(W )).
In view of (6.5), it follows, on applying Mahler’s theorem to the power series Bu∞(W ), that there
exists an I -valued measure µ(u∞) on O×p such that M(i(µ(u∞))) = Bu∞(W ). However, we now view
µ(u∞) as a measure on the Galois group Gw via the canonical isomorphism ρp : Gw → O×p . Recall that
Gw,∞ = Gw ×∆w. Following [15], we then define the measure µ˜(u∞) in ΛI (Gw,∞) by
(6.7) µ˜(u∞) =
∑
σ∈∆w
σµ(σ−1(u∞));
here, and in what follows, for any profinite group H, ΛI (H) will denote the ring of I -valued measures on
H (which is, of course, equal to the Iwasawa algebra of H with coefficients in the ring I ). This enables
us to define the I -linear Gw,∞-homomorphism
(6.8) jHw,∞ : U(Hw,∞)⊗̂OpI → ΛI (Gw,∞)
by jHw,∞(u∞ ⊗ 1) = µ˜(u∞). De Shalit (see Theorem 3.6, Chap. 1, of [15]) then goes on to prove that
jHw,∞ is injective, and has a cokernel of the form Ww ⊗Op I , where Ww is a finite Gw,∞-module. On
the other hand, if we take any u∞ ∈ U(F∞,p), and define the power series Bu∞(W ) attached to u∞ by
exactly the same procedure as above, we again obtain by Mahler’s theorem a measure µ(u∞) on O×p .
However, in this case, we view µ(u∞) as a measure on the Galois group G via the canonical isomorphism
ρP : G→ O×p . This in turn enables us to define the canonical I -linear G-homomorphism
(6.9) jF∞ : U(F∞,p)⊗̂OpI → ΛI (G)
by jF∞(u∞ ⊗ 1) = µ(u∞).
Theorem 6.4. The map jF∞ is an injective ΛI (G)-homomorphism, and its cokernel is of the form
W⊗Op I , where W is a finite G-module.
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Proof. We first prove that jF∞ is injective. If µ(u∞) = 0, then we must Cu∞(tw) = 1, and so
(6.10) Cu∞(tw)
2 = Cδu∞(η̂A,p,w(tw)).
Putting tw = tw(Vn) in this equation, and recalling the compatibility relation (2.11), we conclude that
u2n = un−1 for all n ≥ 1. Putting tw = tw(V0) in the equation, we also conclude that u20 = Cu∞(0)δ.
Finally, putting tw = 0 in (6.8), we obtain Cu∞(0)
2 = Cu∞(0)
δ, and so Cu∞(0)
2r−1 = 1, whence finally
Cu∞(0) = 1, because Fp has residue class field F2. But the group µ2∞ of all 2-power roots of unity,
cannot belong to the completion of F∞ at the unique prime above p. Indeed, if it did, then the field
Hw(Ap∞) would have to also contain Ap∗∞ by the Weil pairing, and this is impossible because this latter
group of points would map injectively under reduction modulo w, which cannot be the case because the
field Hw(Ap∞) has a finite residue field. Thus we must have un = 1 for all n ≥ 0, and the proof of
injectivity is complete.
We next show how the remaining assertion of the theorem can be derived from Theorem 3.6, Chap.
1, of [15]. The local norm map NH∞,w/F∞,p extends by I -linearity to a map θ∞ : U(H∞,w)⊗̂I →
U(F∞,p)⊗̂OpI . We note that θ∞ is surjective, because if u∞ = (un) is any element of U(F∞), then,
noting that raising to the r-th power is an automorphism of U(F∞,p) because r is odd, we can simply
define the element u∞ = (u
1/r
n ) of U(H∞,w), whence clearly NH∞,w/F∞,p(u∞) = u∞. Noting that every
element ζ of ΛI (Gw,∞) can be written uniquely in the form ζ =
∑
σ∈∆w
σ−1A(σ) with A(σ) in ΛI (Gw),
we can define the map λ∞ : ΛI (Gw,∞)→ ΛI (G) by
(6.11) λ∞(ζ) =
∑
σ∈∆w
A˜(σ),
where A˜(σ) is the image of A(σ) under the isomorphism from ΛI (Gw) to ΛI (G) given by the restriction
map. We then have the following commutative diagram with exact rows
(6.12) 0 // U(H∞,w)⊗̂OpI
θ∞

jHw,∞
// ΛI (Gw,∞)
λ∞

//Ww ⊗Op I
i∞

// 0
0 // U(F∞,p)⊗̂OpI
jF∞
// ΛI (G) // Coker(jF∞) // 0
:
The commutativity of the left hand square is easily verified from the explicit description we have given
of the maps θ∞ and λ∞. Since the middle vertical map is clearly surjective because r is odd, it follows
that the right hand vertical map is also surjective. Thus the above diagram shows that Theorem 6.4
does indeed follow from Theorem 3.6, Chap. 1, of [15]. 
7. Proof of the main conjecture
We establish in this section the analogue for B/F∞ of Iwasawa’s [20] celebrated theorem on cyclotomic
fields, which led to the discovery of the main conjectures in general. Recall that G = Γ×∆, where
(7.1) Γ = Gal(F∞/F ), ∆ = Gal(F∞/K∞) = {1, j}.
For each n ≥ 0, let C¯(Fn) denote the closure of C(Fn) in U(Fn,p) in the p-adic topology, and define
C¯(F∞) = lim←−n C¯(Fn), where the projective limit is taken with respect to the local norm maps. Recalling
that U(F∞,p) = lim←−n U(Fn,p), we then define the G-module
(7.2) Z(F∞) = U(F∞,p)/C¯(F∞).
We also define
(7.3) U ′(Fp) = ∩n≥0Nn(U(Fn,p)).
where Nn denotes the local norm map from Fn,p to Fp. Thanks to (4.15), we see that we have C¯(F ) ⊂
U ′(Fp).
Theorem 7.1. We have (Z(F∞))Γ = U
′(Fp)/C¯(F ).
We first establish several preliminary results needed for the proof of this thoerem. Write NF/K for
the global norm map from F to K, or the local norm map from Fp to Kp.
Lemma 7.2. An element u of U(Fp) lies in U
′(Fp) if and only if NF/K(u) = 1.
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Proof. We first note that an element z of U(Kp) is a norm from Fn,p for all n ≥ 0 if and only if z = 1.
Indeed, since p is totally ramified in Fn and Gal(Fn,p/Kp) = (Op/pn+2)×, it follows easily from local
class field theory that NFn/Kp(U(Fn,p)) = 1 + p
n+2Op, whence the previous assertion is clear. Now
assume that u is any element of U(Fp). If u lies in U
′(Fp), then z = NF/K(u) is an element of U(Kp)
which is a norm from U(Fn,p) for all n ≥ 0, and so z must be 1 by our first remark. Conversely,
suppose u is any element of U(Fp) with NF/K(u) = 1. Now the restriction map from Gal(Fn,p/Fp) to
Gal(Kn,p/Kp) is an isomorphism for all n ≥ 0. Moreover, the local Artin symbol of u for the extension
Fn,p/Fp, say σ restricts to the local Artin symbol of NF/K(u) for the extension Kn,p/Kp, which is equal
to the identity. Hence σ = 1, and so by local class field theory, u must be a norm from U(Fn,p), and the
proof is complete. 
Lemma 7.3. The natural projection of U(F∞,p) onto U
′(Fp) induces an isomorphism (U(F∞,p))Γ =
U ′(Fp).
Proof. This is essentially an exercise in classical Iwasawa theory, whose proof we briefly sketch. Let
Y (F∞,p) be the Galois group over F∞,p of the maximal abelian 2-extension of F∞,p, and let Y (Fp) be
the Galois group over F∞,p of the maximal abelian 2-extension of Fp. As usual, Γ = Gal(F∞,p/Fp) acts
on Y (F∞,p), and we have
(7.4) (Y (F∞,p))Γ = Y (Fp).
On the other hand, Lubin-Tate theory shows that
(7.5) Y (F∞,p) = U(F∞,p)× Z2,
where Z2 denotes the Galois group of the maximal unramified 2-extension of F∞,p. Since clearly
U(F∞,p)
Γ = 0, we conclude that Y (F∞,p)
Γ is equal to the Galois group of the maximal unramified
2-extension of F∞,p. Viewing (7.5) as a short exact sequence for the Γ-module Y (F∞,p) with U(F∞,p)
as submodule and Z2 as quotient, and taking Γ-cohomology of this exact sequence, we obtain from the
snake lemma the exact sequence
(7.6) 0→ U(F∞,p)Γ → Y (F∞,p)Γ → Z2 → 0.
On the other hand, we have the short exact sequence of Z2-modules
(7.7) 0→ U ′(Fp)→ Y (Fp)→ Z2 → 0.
There is now an obvious commutative diagram with exact rows mapping the sequence (7.6) to the
sequence (7.7) in which the left hand vertical map is obviously surjective, and the middle map is an
isomorphism by (7.4). Hence the left vertical map must be an isomoprhism, and the proof is complete.

We can now prove Theorem 7.1. We have the obvious commutative diagram with exact rows
(C¯(F∞))Γ

// (U(F∞,p))Γ

// (Z(F∞))Γ

// 0
0 // C¯(F ) // U ′(Fp) // U
′(Fp)/C¯(F ) // 0.
Now the left vertical map is surjective by (4.15), and the middle vertical map is an isomorphism by Lemma
7.3, whence the right vertical map must be an isomorphism. This completes the proof of Theorem 7.1.
As before, let X(F∞) = Gal(M(F∞)/F∞), where M(F∞) is the maximal abelian 2-extension of F∞,
which is unramified outside p. For each n ≥ 0, let E(Fn) be the group of all global units of Fn, and
let E¯(Fn) be their closure in U(Fn,p) in the p-adic topology. Define E¯(F∞) = lim←−n E¯(Fn), where the
projective limit is taken with respect to the norm maps. We have already shown in Theorem 3.8 that
F∞ has no unramified abelian 2-extension. Hence global class field theory provides the following explicit
description of X(F∞),
(7.8) X(F∞) = U(F∞,p)/E¯(F∞).
Finally, define E¯ ′(F ) = U ′(Fp) ∩ E¯(F ).
Theorem 7.4. We have X(F∞)
Γ = 0, and X(F∞)Γ = U
′(Fp)/E¯ ′(F ).
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Proof. Let M(F ) be the maximal abelian 2-extension of F , which is unramified outside p. Then
X(F∞)Γ = Gal(M(F )/F∞) = U
′(Fp)/E¯ ′(F ).
where the first equality is elementary Iwasawa theory, and the second equality is by global class field
theory. Obviously the group on the right is finite because E ′(F ) has rank 1 as an abelian group. Hence,
since X(F∞) is a free finitely generated Z2-module by Theorem 3.1, we conclude that we must have
X(F∞)
Γ = 0. 
Define R(F∞) = E¯(F∞)/C¯(F∞), so that we have the exact sequence of G-modules
(7.9) 0→ R(F∞)→ Z(F∞)→ X(F∞)→ 0.
Corollary 7.5. We have (R(F∞))Γ = E¯ ′(F )/C¯(F ).
Proof. Since (X(F∞))
Γ = 0, we have the exact sequence
(7.10) 0→ (R(F∞))Γ → (Z(F∞))Γ → (X(F∞))Γ → 0.
The corollary then follows immediately from Theorems 7.1 and 7.4. 
Recall that ∆ = {1, j} is the Galois group of F∞ over K∞. In the group ring Z2[∆], we define the
two elements
(7.11) ǫ+ = 1 + j, ǫ− = 1− j.
Lemma 7.6. Let Y = W/V , with W a Z2[∆]-module and V a submodule. Let ǫ denote either of the
above elements (7.11). Then ǫY = ǫW/ǫV.
Proof. We have the commutative diagram with exact rows
(7.12) 0 // V

// W

// Y

// 0
0 // ǫV // ǫW // ǫW/ǫV // 0
,
where the three vertical maps are multiplication by ǫ. Since the middle vertical map is obviously surjec-
tive, it follows from the snake lemme that the right vertical map is also surjective, proving the lemma. 
Theorem 7.7. For all primes q with q ≡ 7 mod 8, we have ǫ+Z(F∞) = 0.
Proof. It suffices to show that
(7.13) (ǫ+Z(F∞))Γ = 0.
But, since G is commutative, it follows from the previous lemma, Theorem 7.1 and Lemma 7.3 that
(ǫ+Z(F∞))Γ = ǫ+(Z(F∞))Γ = ǫ+U
′(Fp)/ǫ+C¯(F ) = 0.
This completes the proof. 
Theorem 7.8. For all primes q with q ≡ 7 mod 8, we have ǫ−Z(F∞) = ǫ−X(F∞).
Proof. In view of the exact sequence (7.9) and Lemma 7.6, it suffices to show that ǫ−R(F∞) = 0. Hence
it suffices to show that (ǫ−R(F∞))Γ = 0. But, again noting that G is commutative and using Lemma
7.6 and Corollary 7.5, we have
(ǫ−R(F∞))Γ = ǫ−(R(F∞))Γ = ǫ−E¯ ′(F )/ǫ−C¯(F ) = E¯ ′(F )2/C¯(F )2;
the last equality is valid because j(u) = u−1 for all u in E¯ ′(F ). Note also that the group of roots of unit
of F is just µ2 = {±1}, because p∗ is not ramified in F . Hence the conclusion of Theorem 7.8 will be an
immediate consequence of the following result. 
Proposition 7.9. The index of C(F ) modulo torsion in E ′(F ) modulo torsion is an odd integer.
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The proof is based on the analytic class number formula and Kronecker’s limit formula. By Dirichlet’s
theorem, the unit group of F has has rank 1, and, as above, its torsion subgroup is just µ2 = {±1}.
Write η for a generator of the unit group of F modulo torsion. We fix an embedding of F into C. If
z is any element of F , |z|C will denote the square of the ordinary complex absolute value of z. Let hF
denote the class number of F , and, as before, h will denote the class number of K. Let ω denote the
non-trivial character of ∆, and write L(ω, s) for its complex L-series. Then Dirichlet’s formula for the
residue of the complex zeta functions immediately gives
(7.14) (2π)2hF log |η|C/|DF |1/2 = 2πL(ω, 1)h/q1/2.
where DF denotes the discriminant of F . Now, by Lemma 4.1, the conductor f of F/K is equal to qp
2.
and so the conductor discriminant formula tells us that DF = q
2N f, where N f denotes the absolute norm
of f. Moreover, the functional equation for L(ω, s) gives that
(7.15) L(ω, 1) = 2πW (ω)L′(ω, 0)/(qN f)1/2,
where W (ω) = ±1 is the sign in the functional equation for L(ω, s) Combining (7.14) and (7.15), we
obtain finally
(7.16) L′(ω, 0) =W (ω) log |η|ChF /h.
We recall that, for each α ∈ J , the elliptic unit uα,0 is defined by uα,0 = NF0/F (Rα,A(V0)). Moreover,
by Lemma 7.3, we have NF/Kuα,0 = 1, so that j(uα,0) = u
−1
α,0. Write γα for the Artin symbol of the ideal
αOK in G.
Lemma 7.10. For each α ∈ J , we have 2 log |uα,0|C = (ω(γα)−Nα)L′(ω, 0).
Proof. The proof, which we only sketch, rests crucially on Kronecker’s second limit formula. For each
integral ideal g of K, we write K(g) for the ray class group of K modulo g. By Lemma 4.1, we know
that K(g) = H(Ag) whenever the ideal g is divisible by the conductor q of φ. Now the conductor f
of ω is equal to qp2, and so K(f) is the compositum of its two subfields F0 = H(Ap2) and H(Aq).
Moreover, F0∩H(Aq) = H because the primes of H above p are totally ramified in F0 and unramified in
H(Aq). Thus it is then clear from (4.7) that Rα,A(V0) = NK(f)/F0Rα,A(V0⊕Q), where Q is the primitive
q-division point on A defined by (4.6). Hence we obtain
(7.17) uα,0 = NK(f)/FRα,A(V0 ⊕Q).
On the other hand, writing zQ = Ω∞(A)/
√−q and V0 = W(z0,L), we have the fundamental identity
(see (5.17))
Rα,A(V ⊕Q)12 = (cα(A)θ(z0 + zQ,L)Nα/θ(z0 + zQ, α−1L))12.
In view of this equality, the classical Kronecker’s formula asserts that, for our character ω of Gal(Kf/K),
we have
(7.18) (ω(γα)−Nα)L′(ω, 0) =
∑
σ∈Gal(K(f)/K)
ω(σ) log |σ(Rα,A(V0 ⊕Q))|C.
Recalling (7.17), we see that the right hand side of this last formula is simply equal to log |uα,0|C −
log |τ(uα,0)|C, where we have written τ for the non-trivial element of Gal(F/K). But Lemma 7.3 shows
that uα,0.τ(uα,0) = 1 (because uα,0 is a norm from every finite layer of the Z2-extension F∞/F ). Hence
log |uα,0|C − log |τ(uα,0)|C = 2 log |uα,0|C, and so the assertion of the lemma follows from (7.18). This
completes the proof. 
For the next lemma, we recall that we have chosen the sign of
√−q so that ordp((√−q − 1)/2) > 0.
Lemma 7.11. Let β =
√−q. Then F = K(√−β).
Proof. The field K(B4) is an abelian extension ofK, whose Galois group is a product of two cyclic groups
of order 2, corresponding to the two subfields F = K(BP2), and F
∗ = K(BP∗2), where P
∗ denotes the
unramified degree 1 prime of T above p∗. Moreover, by the Weil pairing, K(B4) contains the group
µ4 of 4-th roots of unity. Thus we must have K(B4) = K(i,
√
b), where b is some non-zero element of
K, and three quadratic extensions of K contained in K(B4) are then K(i),K(
√
b), and K(
√−b). Now
the prime q =
√−qOK of K does not ramify in K(i), and so, making a choice of the sign of b, we can
assume that F = K(
√
b) and F ∗ = K(
√−b). Now, by Theorem 2.4, q ramifies in both F and F ∗, but
p∗ does not ramify in F , and p does not ramify in F ∗. It follows that we must have bOK = qb2 for some
fractional ideal b of K. Since the ideal q is principal, it follows that b2 is principal. But K has odd class
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number, and so the ideal b itself must be principal, whence, modifying b by a square in K×, we must
have b = ±β, where, as above β = √−q. To see which choice of sign to take, we note that
ordp∗(−β − 1) ≥ 2,
from which it follows easily that p∗ is unramified in the extension K(
√−β). Hence we must have
F = K(
√−β), and the proof of the lemma is complete. 
Corollary 7.12. The curve A(−β) has good reduction outside the set of primes of H dividing p.
Proof. Thanks to the equation (1.2), we know that all bad primes of A(−β) must divide either 2 or 3.
However, combining the previous lemma, and Theorem 2.4, we see that every prime of H where A(−β)
has bad reduction must ramify in the field F = FH . But the only primes of K which ramify in F are q
and p, and so the only primes of H which ramify in F must lie above p or q. But the primes of H above
q are not bad primes because of (1.2), completing the proof. 
We can now complete the proof of Proposition 7.9. It suffices to show that there exists α ∈ J such
that the index of the subgroup of E ′(F ) generated by uα,0 is odd. Take α = a2 + b2√−q, where a is an
even positive rational integer which is prime to 3, and b is an odd rational integer which is divisible by
3. Plainly, we then have (α, 6f) = 1, and α ≡ 1 mod p2 because √−q ≡ 1 mod p2. Also, it is clear that
α is the norm from F to K of the the element a+ b
√−β, so that the restriction of the Artin symbol of
the ideal αOK to Gal(F/K) is trivial. Noting that Nα ≡ q mod 4 ≡ 3 mod 4, we conclude that, for this
choice of α, we have
Nα− ω(γα) ≡ 2 mod 4.
But now, combining this congruence with the formulae of Lemmas (7.16) and (7.10), and recalling that
both hF and h are odd, and W (ω) = ±1, we conclude that the index of the subgroup of C(F ) generated
by uα,0 in E ′(F ) modulo torsion is indeed odd, and the proof of Proposition 7.9 is complete.
We can now prove the “main conjecture” for ǫ−X(F∞). We recall that Γ = Gal(F∞/F ), and that
ΛI (Γ) denotes the Iwasawa algebra of Γ with coefficients in I . Write ρP,Γ for the restriction of ρP to Γ.
We recall that, in the results which follow concerning the link between “main conjectures” and complex
L-values, we have fixed until further notice the embedding i : T → C given by (2.2).
Theorem 7.13. For all primes q ≡ 7 mod 8, we have the exact sequence of ΛI (Γ)-modules
(7.19) 0→ ǫ−X(F∞)⊗̂OpI → ΛI (Γ)/µAΛI (Γ)→M⊗̂OpI → 0,
where M is a finite Γ-module, and µA is the unique element of ΛI (Γ) such that, for all odd positive
integers k = 1, 3, 5, · · · , we have
(7.20) Ωp(A)
−k
ˆ
Γ
(ρP,Γ)
kdµA = (k − 1)!Ω∞(A)−kL(φ¯k, k)(1− φk(p)/Np).
We note that, since ΛI (G) is the Iwasawa algebra of Γ with coefficients in the group ring I [∆], and
ǫ−I [∆] = ǫ−I , we have
(7.21) ǫ−ΛI (G) = ǫ−ΛI (Γ).
If m is any element of ΛI (G), we write m(−) for the measure in ΛI (Γ) such that ǫ−m = ǫ−m(−) under
the equality (7.21). Now for a character of a p-adic Lie group the integral against a measure of the
character coincides with evaluation of the character at the measure, it follows that, for every continuous
homomorphism ξ from G to the multiplicative group of Q2 such that ξ(j) = −1, we must have
(7.22)
ˆ
G
ξdm =
ˆ
Γ
ξΓdm(−),
where ξΓ denotes the restriction of ξ to Γ. For each α ∈ J , we recall that γα is the Artin symbol of
αOK in G. We note that in fact γα always belongs to Γ because of our hypothesis that α ≡ 1 mod p2
for α in I . Recall that µα,∞ is the measure in ΛI (G) satisfying (5.13).
Lemma 7.14. There exists a measure µA in ΛI (Γ) such that µα,∞(−) = (Nα− γα)µA for all α ∈ J .
Proof. Put vα = Nα − γα. Since vα ∈ ΛI (Γ), it follows easily from (5.13) that, for all α, β ∈ J , we
have
(7.23) vβµα,∞(−) = vαµβ,∞(−).
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Now we recall that ΛI (Γ) is a unique factorization domain, and we claim that we can choose α0 and β0
in J such that vα0 and vβ0 are relatively prime. We first choose α0 ∈ J such that
(7.24) α0 ≡ 1 mod q, α0 ≡/ 1 mod p3, α0 ≡ 1 mod (p∗)2, α0 ≡/ 1 mod (p∗)3.
Thus γα0 is then a topological generator of Γ, and we can then identify ΛI (Γ) with the formal power
series ring I [[T ]] by mapping this topological generator to 1 + T , so that vα0 = Nα0 − (1 + T ). Now
choose β0 ∈ J such that
(7.25) β0 ≡ 1 mod q, β0 ≡ 1 mod p3, β0 ≡ 1 mod (p∗)2, β0 ≡/ 1 mod (p∗)3.
Then we claim that vα0 and vβ0 are indeed then relatively prime elements of I [[T ]]. To justify this, we
note that, provided α ≡ 1 mod q, we have φ((α)) = α, and so γα will act on BP∞ by multiplication by
α. It follows easily that γβ0 = (γα0)
c, where c = log(β0)/ log(α0), where the logarithm is taken in the
p-adic completion of K. Then vβ0 = Nβ0 − (1 + T )c, and so to show that vβ0 and vα0 are relatively
prime, one sees immediately that it suffices to show that
(7.26) log(β0)/ log(β¯0) 6= log(α0)/ log(α¯0),
where the symbol z¯ denotes the complex conjugate of z. But we have ordp(log x) = ordp(x−1) whenever
ordp(x− 1) ≥ 2. Thus it follows from (7.24) that ordp(log(α0)/ log(α¯0)) = 0, whereas (7.25) implies that
ordp(log(β0)/ log(β¯0)) ≥ 1, proving (7.26). Since vβ0 and vα0 are relatively prime, it now follows easily
from (7.23) that we must have µα0,∞(−) = vα0µA for some µA ∈ ΛI (Γ). But then, applying (7.23)
again, it follows that µα,∞(−) = vαµA for all α ∈ J , and the proof of the lemma is complete. 
We can now prove Theorem 7.13. Since the map jF∞ in (6.8) is a ΛI (G)-homomorphism, then
recalling (7.21), we see that Theorem 6.4 shows immediately jF∞ gives rise to an exact sequence of
ΛI (Γ)-modules
(7.27) 0→ (ǫ−U(F∞))⊗̂OpI → ΛI (Γ)→W ⊗̂OpI → 0,
where W is some finite Γ-module. Recall that C¯(F∞) is, by definition, generated as a Λ(G)-module
by the the norm compatible system of elliptic units uα,∞ defined by (4.16) for α running over J . It
then follows from the results of §5 that jF∞((ǫ−C¯(F∞))⊗̂OpI ) will be generated as a ΛI (Γ)-module by
the µα,∞(−) for α ∈ J , which by Lemma 7.14 is equal to the ideal of ΛI (Γ) generated by the vαµA
for α ∈ J , where, as before, vα = Nα − γα. However, we claim that the vα for α ∈ J generate the
maximal ideal (2, T ) of Λ(Γ) = Z2[[T ]]. Indeed, the ideal they generate is just the annihilator of the
group of all 2-power roots of unity in F∞, and this group just consists of {±1} since the prime p∗ of K
is not ramified in F∞. Thus we have finally
(7.28) jF∞((ǫ−C¯(F∞))⊗̂OpI ) = (2I , T )µA.
On combining (7.27) and (7.28), noting that ǫ−Z(F∞) = ǫ−U(F∞))/ǫ−C¯(F∞), and recalling that
ǫ−X(F∞) has no non-zero finite subgroup by Lemma 3.6, we conclude from Theorem 7.8 that the
exact sequence (7.19) is valid. Moreover, applying (7.22) with ξ = (ρP)
k(k = 1, 3, 5, · · · ), we obtain
(7.20) from (5.13).
Corollary 7.15. Assume q ≡ 7 mod 16. Then, for all complex characters χ of finite order of G with
χ(j) = 1, we have L(ρχ, 1) 6= 0.
Proof. Since q ≡ 7 mod 16, we have ǫ−X(F∞) = 0 by Theorem 3.1, and so it follows from the exact
sequence (7.19) that µA must be a unit in the Iwasawa algebra ΛI (Γ). Hence
´
Γ(ρPχ)ΓdµA will be a
unit in I , and so, noting that L(ρχ, 1) is the complex conjugate of L(ρχ, 1), the result follows from the
theorem in the Appendix and the fact that (ρPχ)(j) = −1. 
Similarly, we have
(7.29) ǫ+ΛI (G) = ǫ+ΛI (Γ).
If m is any element of ΛI (G), we write m(+) for the measure in ΛI (Γ) such that ǫ+m = ǫ+m(+) under
the equality (7.29). For every continuous homomorphism ξ from G to the multiplicative group of Q2
such that ξ(j) = +1, we then have
(7.30)
ˆ
G
ξdm =
ˆ
Γ
ξΓdm(+),
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where ξΓ denotes the restriction of ξ to Γ. Now exactly the same proof as in Lemma 7.14 shows that
there exists νA in ΛI (Γ) such that
(7.31) µα,∞(+) = (Nα− γα)νA
for all α ∈ J . Moreover, as before, we have the exact sequence
(7.32) 0→ (ǫ+U(F∞))⊗̂OpI → ΛI (Γ)→ W ⊗̂OpI → 0,
where again W is some finite Λ(Γ)-module. Again we have
(7.33) jF∞((ǫ+C¯(F∞))⊗̂OpI ) = (2I , T )νA.
Theorem 7.16. For all primes q with q ≡ 7 mod 8, the measure νA is a unit in ΛI (Γ).
Proof. This follows immediately from combining (7.32) and (7.33), noting that ǫ+Z(F∞) = ǫ+U(F∞)/ǫ+C¯(F∞),
and then using Theorem 7.7. 
Corollary 7.17. Assume q ≡ 7 mod 8. Then, for all complex characters χ of finite order of G with
χ(j) = −1, we have L(ρχ, 1) 6= 0.
Proof. We simply apply (7.30) with ξ = ρPχ, and m = µα,∞, noting that (ρPχ)(j) = +1. Since νA is a
unit in ΛI (Γ),
´
Γ(ρPχ)ΓdνA will be a unit in I , and we then finally apply the theorem in the Appendix
to give the value of
´
G
ξdµα,∞. 
Corollary 7.18. Assume q ≡ 7 mod 8, and recall that F = K(√−β), where β = √−q. Let B(−β)
denote the twist of the abelian variety B by the quadratic extension F/K, and let ρB(−β) be its Serre-Tate
Grossencharacter. Then ρB(−β) has bad reduction only at the prime p, and L(ρB(−β)η, 1) 6= 0, where η is
any complex character of finite order of Gal(K∞/K).
Proof. We have ρB(−β) = ρω, where ω again denotes the non-trivial character of ∆. It is readily verified
that q does not divide the conductor of ρω, whence B(−β) will have good reduction at q. The final
assertion then follows from Corollary 7.17, on noting that we have (ωη)(j) = −1. 
Now, as in the Introduction, let MK denote the set of all non-zero integersM in OK , which are prime
to q, satisfy M ≡ 1 mod 4, and are not squares in K. For each M ∈ MK , let B(M) be the abelian
variety defined over K which is the twist of B by the quadratic extension K(
√
M)/K, and let ρB(M)
be the Serre-Tate character of B(M). For each n ≥ 0, let F (M)n be the field obtained by adjoining to
K the coordinates of the Pn+2-division points of B(M). Since B(M) has good reduction at p because
M ≡ 1 mod 4, it is easily seen that [F (M)n : K] = 2n+1, and that F (M)n is a quadratic extension of
the field Kn for all n ≥ 0. As usual, for each n ≥ 0, we write NF (M)n/K and NKn/K for the norm maps
for the extensions F (M)n/K and Kn/K.
Theorem 7.19. Assume that q ≡ 7 mod 8, and that M ∈ MK . Then, for all n ≥ 0, we have
ords=1L(ρB(M) ◦NF (M)n/K , s) = ords=1L(ρB(M) ◦NKn/K , s). Moreover the Z-rank of B(M)(F (M)n) =
the Z-rank of B(M)(Kn) for all n ≥ 0.
Proof. To lighten the notation, write B = B(M). An entirely similar argument to that given in the proof
of Theorem 2.4 shows that B has good reduction everywhere over the field F (M)0 = K(BP2). Now,
since F = K(
√−β) by Lemma 7.11, and B is isomorphic to B over the field K(√M), we see that F (M)0
must be one of the three quadratic extensions of K contained in the field K(
√−β,√M). But, since B
has good reduction everywhere over the field F (M0), and the set of bad primes of B over K consists of
q and the primes of K dividing M , all of these bad primes must necesarily ramify in F (M)0, whence
F (M)0 = K(
√−βM). In particular, writing B(−βM) for the twist of B by the quadratic extension
F (M)0, it follows that
(7.34) ρB ◦NF (M)0/K = ρBρB(−βM) .
But, since B = B(M), we must have B(−βM) = B(−β), whence
(7.35) ρB ◦NF (M)0/K = ρBρB(−β) .
Since L(ρB(−β) ◦NKn/K , s) =
∏
η L(ρB(−β)η, s), where the product is taken over all 2
n complex characters
η of finite order of Gal(Kn/K), the first conclusion of Theorem 7.19 follows from Corollary 7.18. The
proof of the second assertion of Theorem 7.19 is entirely parallel to that given for Theorem 3.12 in §3,
and we omit the detailed arguments. 
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Finally, we note that the proofs we have given in §5 and above are valid for every choice of the
embedding i : T → C made at the begining of section §2. In fact, there are precisely h such embeddings
lying above our fixed embedding of K in C, and we now denote these distinct embeddings by i(r) (r =
1, . . . , h). Let ρ(r) denote the complex Grossencharacter of B/K relative to the embedding i(r), and let
ψA/H denote the complex Grossencharacter of the elliptic curve A/H . Then we have
(7.36) L(ψA/H , s) =
h∏
r=1
L(ρ(r), s).
Since Corollaries 7.15 and 7.17 holds for each of the ρ(r) (r = 1, . . . , h), the assertion of Theorem 1.1
follows easily. By an entirely similar argument, one shows that Theorem 1.3 follows from Corollary 7.18.
Finally, recalling that Corollary 7.18 and Theorem 7.19 are valid for all primes q ≡ 7 mod 8, it is also
clear that Theorem 1.4 follows from Theorem 7.19 by an analogous argument.
Finally, for the proof of Theorem 1.2, we note that, writing L(A/J, s) for the complex L-series of a
finite extension J of H , Theorem 1.1 tells us that, when q ≡ 7 mod 16, we have L(A/J, 1) 6= 0 whenever
J ⊂ F∞. But then a standard argument, whose details we omit, shows that the finiteness of both A(J)
andX(A/J)(p) follow from this non-vanishing result and the main conjecture for A/F∞, which is proven
in [12].
8. Related results and some numerical data
Combining Theorems (3.1) and (3.9), we have shown in §3 that, for all primes q ≡ 7 mod 16, we have
SelP∞(B/F∞) = 0, where we recall that F∞ = K(BP∞). However, the following theorem shows that
nothing like this is valid for the p∞-Selmer group of the elliptic curve A over the field
(8.1) F∞ = H(Ap∞) = HF∞.
If L is any algebraic extension of H , we write Selp∞(A/L) for the classical p
∞-Selmer group of A/L. We
also write M(F∞) for the maximal abelian 2-extension of F∞, which is unramified outside the primes
of F∞ lying above p, and put X(F∞) = Gal(M(F∞)/F∞). Since A has good reduction everywhere over
F∞ by Theorem (2.4), we have
(8.2) Selp∞(A/F∞) = Hom(X(F∞), Ap∞).
Theorem 8.1. Assume q ≡ 7 mod 16. Then, provided there is more than one prime of H lying
above p, or equivalently provided the ideal class of p does not have order exactly equal to h, we have
Selp∞(A/F∞) = X(A/F∞)(p) = (Kp/Op)mq , for some integer mq > 0.
Proof. We recall that H∞ = HK∞. Let M(H∞) be the maximal abelian 2-extension of H∞ which is
unramified outside the primes of H∞ above p, and write X(H∞) = Gal(M(H∞)/H∞). It is proven in [5]
that X(H∞) is a free finitely generated Z2-module. By entirely similar arguments, based on Nakayama’s
Lemma, to those given in section 3, one can then show that X(F∞) is also a free finitely generated Z2-
module. It follows from (8.2) that Selp∞(A/F∞) is a direct sum of a finite number of copies of Kp/Op.
Since Theorem 1.2 proves that A(F∞) is a torsion group, to complete the proof it suffices to show that
Selp∞(A/F∞) 6= 0, which is equivalent to showing that
(8.3) Selp∞(A/F∞)
Γ 6= 0,
where we are now using the symbol Γ for Gal(F∞/F). If L is any algebraic extension of H , we define the
modified Selmer group
(8.4) Sel′p∞(A/L) = Ker
H1(L,Ap∞)→∏
v∤p
H1(Lv, A)(p)
 ,
where now the product is taken over all primes v of L which do not lie above the prime p of K. Since
A has good reduction everywhere over the field F, and the extension F∞/F is unramified outside p,
entirely similar arguments to those given in the proofs of Theorem 3.9 and Proposition 3.11 show that
Selp∞(A/F∞) = Sel
′
p∞(A/F∞), and that
(8.5) Selp∞(A/F∞)
Γ = Sel′p∞(A/F).
Now we have the obvious exact sequence
(8.6) 0→ Selp∞(A/F)→ Sel′p∞(A/F)→
∏
w|p
H1(Fw, A)(p),
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where w runs over the places of F dividing p. Denoting the right hand map in this last exact sequence
by g, the work of Cassels-Poitou-Tate (see, for example, Corollary 4 of the Appendix of [21]) gives the
following exact description of the cokernel of g. Let π now denote a non-zero element of OK , such that
πOK = pr for some integer r ≥ 1, and let π∗ denote the complex conjugate of π. By Tate local duality,
H1(Fw, A)(p) is dual to lim←−nA(Fw)/π
∗nA(Fw), and this latter group is easily seen to to be isomorphic
to A˜w(kw)(p
∗), where A˜w denotes the reduction of A modulo w, and kw is the residue field of w. Define
(8.7) Sp∗∞ = lim←−
n
Selpi∗n(A/F),
where Selpi∗n(A/F) denotes the classical Selmer group of A/F relative to the endomorphism π
∗n of A.
Now by Theorem 1.1, we have L(A/F, 1) 6= 0, and and we have already noted in Theorem 1.2 that this
implies that A(F) and X(A/F)(p) are both finite. Then analogous arguments to those used to prove
Corollary 16 in [21] for split odd primes p will also enable one to show that, even for p = 2, the finiteness
of X(A/F)(p) implies in turn the finiteness of X(A/F)(p∗). Alternatively, we could use the main
conjecture for A over the Z2-extension FK
∗
∞/F, where K
∗
∞ is the unique Z2-extension of K unramified
outside p∗, to show that the the non-vanishing of L(A/F, 1) implies the finiteness of X(A/F)(p∗). It
then follows easily that we have
(8.8) Sp∗∞ = A(F)(p
∗).
But A(F)(p∗) = Ap∗ because the primes of H above p
∗ are unramified in F. Further, we note that
A˜w(kw)(p
∗) 6= 0 for every prime w of F above p, since reduction modulo w is injective on Ap∗ . Putting
all together, the theorem of Cassels, Tate, Poitou shows finally that the cokernel of the map g is dual to
the image of the natural injection
(8.9) Ap∗ →
∏
w|p
A˜w(kw)(p
∗).
In particular, we see that the cokernel of g has order exactly 2. Finally, we note that A˜w(kw)(p
∗) 6= 0
for every prime w of F above p, since reduction modulo w is injective on Ap∗ . Hence
∏
w|pH
1(Fw, A)(p)
will always have order strictly greater than the cokernel of the map g when there is more than one prime
w of H above p. This shows that Sel′p∞(A/F∞) 6= 0, when there is more than one prime of H above p,
and the proof of the theorem is complete. 
We note that Theorems 3.1 and 3.9 show that X(B/F∞)(P) = 0 when q ≡ 7 mod 16. However, when
there is more than one prime of H above p, this seems in contrast with the fact that X(A/F∞)(p) is
a divisible group of strictly positive Z2-corank. We are grateful to J. Milne for the following comment
about this situation. Let L/L be any finite Galois extension of subfields of the algebraic closure Q of
Q, let J be any abelian variety defined over L, and let J be the restriction of scalars of J from L to
L. Then the Gal(Q/L)-module J(Q) is the induced representation of the Gal(Q/L)-module J(Q), and
similarly at the completions at all places of L. Hence the local and global Galois cohomology groups of
these representaions coincide. It follows, in particular, that X(J/L) = X(J/L). Thus, applying this
remark to the extension F∞/F∞, we conclude that X(A/F∞) = X(B/F∞). This also implies that the
endomorphism ring B of B/K operates on X(A/F∞), and so in particular, we have
(8.10) X(A/F∞)(p) = ⊕Q|pX(A/F∞)(Q),
where now Q runs through all the primes of T lying above the prime p of K. Note also that all primes
of T above p are unramified because of result of Gross mentioned in §2 and the fact that h is odd.
Moreover, P is the unique annihilator of Ap = B(K)p lying inside T , so that all the primes of Q of T
lying above p and distinct from P must have residue field strictly bigger than F2. Hence the arguments
of §2 cannot be applied to show that X(A/F∞)(Q) = 0 when Q 6= P. Moreover, if we assume that there
is more that one prime of H above p, we certainly have H 6= K, and thus there is at least one prime Q
of T , distinct from P, above p. Theorem 8.1 then proves that we must have X(A/F∞)(Q) 6= 0 for at
least one prime Q of T above p and distinct from P.
Finally, we record without proof a special case of an old result of Wiles and the first author [9] (cf.
Theorem 11 of [9], but note that the proof given there assumes p > 2, so that one has to rework the
argument slightly to handle the case p = 2). Let M(F ) denote the maximal abelian 2-extension of F
unramified outside the unique prime of F lying above p. ObviouslyM(F ) ⊃ F∞, and it is a nice exercise
in global class field theory to show that [M(F ) : F∞] is finite, and establish the following exact formula
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for this degree. One also has to use the fundamental fact proven earlier (Theorem 3.8) that F always
has odd class number.
Theorem 8.2. Assune that q ≡ 7 mod 8. Let v denote the unique prime of F lying above p, and let
logv denote the v-adic logarithm. Then
(8.11) [M(F ) : F∞] = 2
t, where t = ordv(logv(η))− 2,
and η is any generator of the unit group of F modulo torsion.
Since X(F∞)Γ = Gal(M(F )/F∞), we obtain as an immediate corollary of (8.11) and Theorem 3.1:
Corollary 8.3. When the prime q satisfies q ≡ 7 mod 16, we always have ordv(logv(η)) = 2.
We are extremely grateful to Zhibin Liang for having computed for us the fundamental unit η and
ordv(logv(η)) for all primes q ≡ 15 mod 16 with q < 2500. Liang’s computations show that for all these
primes q we have ordv(logv(η)) ≥ 6. More precisely, we have ordv(logv(η)) = 6 for the primes
31, 191, 383, 607, 719, 863, 911, 991, 1103, 1231, 1327, 1471, 1487, 1567, 1583, 2063, 2111, 2287, 2351, 2383,
and ordv(logv(η)) ≥ 8 for the primes
47, 79, 127, 223, 239, 271, 367, 431, 463, 479, 751, 1039, 1087, 1151, 1279, 1423, 1439, 1663, 1759, 1823, 1871, 1951,
1999, 2143, 2207, 2239, 2399, 2447.
Amongst this latter set of primes, the largest lower bound for ordv(logv(η)) is 13, which occurs for the
two primes 1039, and 1871. In particular, when combined with Theorem 8.2, Liang’s calculations prove
that X(F∞) 6= 0 for all primes q ≡ 15 mod 16 and q < 2500. This suggests that we may well have
X(F∞) 6= 0 for all primes q ≡ 15 mod 16, but we do not see how to prove this at present.
9. Appendix
In this Appendix, we establish a strengthening of Theorem 5.4, and, for simplicity, we only treat the
case k = 1, which is needed for our non-vanishing results. Let χ be an arbitrary non-trivial character
of finite order of G = Gal(F∞/K). Let Tχ be the field obtained by adjoining the values of χ to T ,
and we fix an embedding of Tχ into C, which extends the embedding (2.2). As in §4 and §5, we fix an
embedding of the compositum HTχ into the fraction field of I which induces our fixed prime w of H
lying above p, and the prime P of T above p. This is always possible because H ∩ Tχ = K, since H
does not contain any 2-power roots of unity of order greater than 2. Let r ≥ 0 be the largest integer
≥ 0 such that χ factor through Gal(Fr/K), so that the conductor gχ of χ is equal to either qpr+2 or
pr+2. Let ζr be the unique primitive 2
r+2-th root of unity such that jw(ζr− 1) = tw(Vr), where jw is the
isomorphism of formal groups given by (5.7), and Vr is the primitive p
r+2-division point on A defined
at the end of §2. Note that, for σ ∈ Gal(Fr/K), ρP(σ) is a well defined element of (Op/pr+2)×. We can
then define the Gauss sum τ(χ) by
(9.1) τ(χ) = 2−(r+2)
∑
σ∈Gal(Fr/K)
ζ
−ρP(σ)
r χ(σ).
It is readily verified that, since χ is non-trivial, we have |τ(χ)| = 2r/2+1. Recall thatW(z,L) denotes the
Weierstrass isomorphism, and that Q denotes the primitive q-division point on A defined by (4.6). We
fix a complex number zχ such that W(zχ,L) = Vr ⊕Q. We will then have (zχ/Ω∞(A))Ok = hχ/(qpr+2)
for some integral ideal hχ of K, which is prime to pq. For each α ∈ J , we let µα,∞ be the I -valued
measure on G defined by (5.12). Write Lq(φχ, s) for the Euler product of the Hecke L-function of φχ,
but with the Euler factor at the prime q-removed.
Theorem 9.1. For each non-trivial character χ of finite order of G, the value Ω∞(A)
−1L(φχ, 1) belongs
to HTχ, and we have
(9.2) Ωp(A)
−1
ˆ
G
ρPχdµα,∞ = τ(χ)(φχ)(hχ)z
−1
χ (Nα− (φχ)((α)))Lq(φχ, 1).
Proof. We fix a set B of integral ideals b of K, prime to pq such that
(9.3) Gal(Fr/K) = {τb|Fr : b ∈ B},
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where we recall that τb denotes the Artin symbol of b in Gal(F∞/K). Recall that ρP(Gal(F∞/Fr)) =
1 + 2r+2Op, and note that the characteristic function γr(x) of 1 + 2r+2Op in Op is given explicitly by
(9.4) γr(x) = 2
−(r+2)
∑
j∈Op/pr+2
ζ(x−1)jr .
For r ≤ n ≤ ∞, the measure µα,n,w in ΛI (G) arises, via the isomorphism (5.5) and Mahler’s theorem,
from the power series Jα,n,w(tw) defined in Lemma 5.3. For every σ ∈ G, we write µ(σ)α,n,w for the measure
σµα,n,w, and note that µ
(σ)
α,n,w arises, again via the isomorphism (5.5) and Mahler’s theorem, from the
power series J
(σ)
α,n,w(tw) defined by
(9.5) J (σ)α,n,w(tw) = Jα,n,w(ρ̂p(σ)w(tw)).
In what follows, for simplicity, we shall drop the fixed place w of H from the notation, and also we will
just write µbα,n for the measure (τb|F∞)µα,n,w. As usual, we write χ(b−1) for χ(τ−1b ) when b ∈ B, and
we note that, thanks to our fixed embedding of T into the fraction field of I , we have ρP(τb) = φ(b).
It then follows easily from Mahler’s theorem thatˆ
G
ρPχdµα,n =
∑
b∈B
(φχ)(b−1)
ˆ
Op
xγr(x)dµ
b
α,n.
Substituting the formula (9.4) for γr(x) in the integral on the right hand side, we conclude that
(9.6)
ˆ
G
ρPχdµα,n = 2
−(r+2)
∑
b∈B
(φχ)(b−1)
∑
j∈Op/pr+2
ˆ
Op
ζ(x−1)jr xdµ
b
α,n.
We omit the proof of the following classical lemma about the Mahler map M which is defined earlier
immediately below (5.10). Let ∆ denote the differential operator on I [[W ]] defined by ∆f(W ) =
(1 +W )d/dWf(W ).
Lemma 9.2. Let µ be any element of ΛI (Op), and let M(µ) be its Mahler power series in I [[W ]].
Then, if ζ denotes any 2-power root of unity, we have
(9.7) ∆(M(µ))(ζ − 1) =
ˆ
Op
xζxdµ.
Now M(µbα,n) = Kα,n,w,b(W ), where
(9.8) Kα,n,w,b(W ) = Jα,n,w(jw((1 +W )
φ(b) − 1)).
It then follows from the previous lemma that
(9.9)
ˆ
G
ρPχdµα,n = 2
−(r+2)
∑
j∈Op/pr+2
ζ−jr Sr(j),
where
(9.10) Sr(j) =
∑
b∈B
(φχ)(b−1)(∆Kα,n,w,b)(ζ
j
r − 1).
Lemma 9.3. If 2 divides j, then Sr(j) = 0.
Proof. In view of the definition 9.8, we see immediately that
(9.11) Sr(j) =
∑
b∈B
χ(b−1)
d
dW
(Jα,n,w ◦ jw)(ζφ(b)jr − 1)ζφ(b)jr .
Note that ζjr is a 2
r+1-th root of unity if 2 divides j. Now the restriction of the character χ to
Gal(Fr/Fr−1) is not the trivial character by the definition of r; here we have put F−1 = K if r = 0.
Thus we have
∑
σ∈Gal(Fr/Fr−1)
χ(σ) = 0. On the other hand, we have φ(b1) ≡ φ(b2) mod Pr+1 if the
restrictions of τb1 and τb2 to Fr−1 are equal. The assertion of the lemma is now clear from the explicit
expression (9.11) for Sr(j). 
Lemma 9.4. We have
(9.12)
ˆ
G
ρPχdµα,n = τ(χ)
∑
b∈B
(φχ)(b−1)(∆Kα,n,w,b)(ζr − 1).
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Proof. Define
W (B) =
∑
b∈B
(φχ)(b−1)(∆Kα,n,w,b)(ζr − 1).
We claim that W (B) is independent of the choice of the set B of integral ideals of K, prime to pq such
that Gal(Fr/K) = {τb|Fr : b ∈ B}. Indeed, we have
W (B) =
∑
b∈B
χ(b−1)
d
dW
(Jα,n,w ◦ jw)(ζφ(b)r − 1)ζφ(b)r .
Now, if B′ is another set of integral ideals ofK with the above properties, then, for each b ∈ B there exists
a unique b′ ∈ B′ such that τb|Fr = τb′ |Fr. Then we have φ(b) ≡ φ(b′) mod Pr+2, so that ζφ(b)r = ζφ(b
′)
r ,
whence it is clear that W (B) = W (B′). Now choose a set E of integral ideals of K, which are prime to
pq, which are indexed by the odd integers j, with 1 ≤ j < 2r+2, in such a way that φ(ej) ≡ j mod Pr+2.
Then we clearly have
(9.13) ζ−jr Sr(j) = χ(ej)ζ
−φ(ej)
r W (Bj),
where Bj = {bej : b ∈ B}. But, from our previous remark, we have W (Bj) = W (B) for all odd integers
j with 1 ≤ j < 2r+2, and (9.12) follows. 
We recall that jw(ζr − 1) = tw(Vr), where Vr ∈ Apr+2 is defined at the end of §2, and for simplicity,
put Qr = Vr ⊕ Q. Moreover, we have fixed a complex number zχ such that W(zχ,L) = Qr, and then
the integral ideal hχ satisfies (zχ/Ω∞(A))Ok = hχ/(qpr+2). If b is any integral ideal of K prime to pq,
we shall write τr(b) for the restriction of the Artin symbol τb of b to the subfield Fr of F∞. Moreover,
for such an ideal b, we define now the partial L-series for the extension Fr/K by
(9.14) Lq(φ
k
, τr(b), s) =
∑
τr(a)=τr(b)
φ
k
(a)
(N(a))s
,
where the sum is taken over all integral ideals a of K, which are prime to pq, and which satisfy τr(a) =
τr(b). Note that this is a a different partial L-series from that defined by (5.14). We then have the
following analogue of Proposition 5.5. Let zr ∈ C be such that W(zr,L) = Vr.
Proposition 9.5. For all integral ideals d of K, which are prime to pq, we have
(9.15)
d
dz
logRα,Ad(ηA(d)(W(z+zr,L)) =
∑
k≥1
(−1)k−1(φ(dhχ)/zχ)k(NαLq(φk, τr(dhχ), k)−φ((α))Lq(φk, τr(dhχ(α)), k))zk−1.
Proof. It follows immediately from (5.16), (5.17), (5.19) that, for all complex numbers ζ, and all integral
ideals d of K prime to pq, we have
(9.16)
d
dz
logRα,Ad(ηA(d)(W(z+ ζ,L))) =
∑
k≥1
(−1)k−1ξ(d)k(NαE∗k (ξ(d)ζ,Ld)−E∗k(ξ(d)ζ, α−1Ld)zk−1.
We now fix a set S of integral ideals of K prime to pq such that Gal(H(Aqpr+2 )/Fr) = {τ ′s|H(Aqpr+2) :
s ∈ S}; here we have written τ ′s for the Artin symbol of s in Gal(H(Aqp∞)/K. All of the ideals s ∈ S
are norms of ideals of H because their Artin symbols fix the Hilbert class field H of K. Also, the Artin
symbols of the ideals s ∈ S fix the point Vr, and Gal(H(Aqpr+2)/Fr) is isomorphic to Gal(H(Aq)/H)
under restriction. It follows easily that
(9.17)
d
dz
log(Rα,Ad(ηA(d)(W(z + zr,L))) =
∑
s∈S
d
dz
(logRα,Ad(ηA(d)(W(z + φ(s)zχ,L))).
Hence we conclude from (9.16) that the right hand side of (9.17) is equal to
(9.18)
∑
k≥1
(−1)k−1ξ(d)k
∑
s∈S
(NαE∗k (ξ(d)φ(s)zχ,Ld)− E∗k (ξ(d)φ(s)zχ, α−1Ld))zk−1.
On the other hand, noting that
zχΩ∞(A)
−1OK = hχ/(qpr+2), αzχΩ∞(A)−1OK = (α)hχ/(qpr+2),
we deduce from Proposition 5.5 of [16] that∑
s∈S
E∗k (ξ(d)φ(s)zχ,Ld) = (φ(dhχ)/ξ(d)zχ)kLq(φ
k
, τr(dhχ), k),
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∑
s∈S
E∗k (ξ(d)φ(s)zχ, α−1Ld) = (φ((α)dhχ)/ξ(d)zχ)kLq(φ
k
, τr((α)dhχ), k).
Substituting these last two expressions into (9.18), the equation (9.15) follows, and the proof of Propo-
sition 9.5 is complete. 
Moreover, putting z = 0 in (9.12), we obtain the following corollary.
Corollary 9.6. For all integral ideals d of K, which are prime to pq, we have
d
dz
logRα,Ad(ηA(d)W(z,L))|z=zr = φ(dhχ)zχ−1(NαLq(φ, τr(dhχ), 1)− φ((α))Lq(φ, τr(dhχ(α)), 1)).
Recalling that Gal(Fr/H) is isomorphic under restriction to Gal(Fr/K), we assume from now on that
that we have chosen the set B of integral ideals of K, prime to pq, such that
(9.19) Gal(Fr/H) = {τr(b) : b ∈ B}.
Now take n to be any finite integer ≥ r, and let Cn be the set of integral ideals of K, prime to pq,
satisfying (2.10). Since Gal(Fn/Kn) is isomorphic to Gal(Fr/Fr) under restriction, it follows that
(9.20) Gal(Fr/K) = {τr(bc) : b ∈ B, c ∈ Cn}.
Now, for b ∈ B, we have ∆Kα,n,w,b(W ) = Φ1,n,b(W )− Φ2,n,b(W ), where
(9.21)
Φ1,n,b(W ) = ∆ log(dα,n(jw((1 +W )
φ(b) − 1))), Φ2,n,b(W ) = 1
2
∆ log(dδα,n(η̂A,p,w(jw((1 +W )
φ(b) − 1)))).
Lemma 9.7. For every integer n ≥ r, we have∑
b∈B
(φχ)(b−1)Φ1,n,b(ζr−1) = Ωp(A)φ(hχ)z−1χ
∑
b∈B
χ(b−1)
∑
c∈Cn
φ(c)(NαLq(φ, τr(bchχ), 1)−φ((α))Lq(φ, τr((α)bchχ), 1)).
Proof. Let b be any element of B. Since τr(b) fixes H , we see that Ab = Abc, whence it follows easily
from (4.17) that Φ1,n,b(W ) is obtained by first substituting tw = jw(W ) in the tw-expansion of the
rational function on A/H given by ∏
c∈Cn
Rα,Acb(ηA(cb)(P )),
and then applying the operator ∆ to the logarithm of this series in W . Hence, recalling (5.23) and the
fact that Vr = jw(ζr − 1), we conclude that
Φ1,n,b(W )(ζr − 1) = Ωp(A)
∑
c∈Cn
d
dz
logRα,Acb(ηA(cb)W(z,L))|z=zr ,
and so the assertion of the lemma is now clear from Corollary 9.6. 
Lemma 9.8. For every integer n ≥ r, we have
(9.22)
∑
b∈B
(φχ)(b−1)Φ2,n,b(ζr − 1) = 0.
Proof. For each b ∈ B, we have
2Φ2,n,b(ζr − 1) = Ωp(A) d
dz
(logDδα,n(η
p
A(b)ηA(p)(P )))|P=Vr .
Recalling that, by (2.11), we have ηA(p)(Vr) = V
δ
r−1, and noting that A
pb = Ap because τr(b) acts
trivially on H , it follows that
(9.23) 2Φ2,n,b(ζr − 1) = Ωp(A)φ(bp) d
dz
(logDδα,n(P ))|P=ηAp (b)(V δr−1).
Hence we have
(9.24) 2
∑
b∈B
(φχ)(b−1)Φ2,n,b(ζr − 1) = φ(p)
∑
b∈B
χ(b−1)
d
dz
(logDδα,n(P ))|P=ηAp (b)(V δr−1).
Let B′ be the subset of all those b ∈ B such that τr(b) fixes Fr−1. Then ηAp(b)(V δr−1) = V δr−1 for b ∈ B′,
and
∑
b∈B′ χ(b
−1) = 0 because the restriction of χ to Gal(Fr/Fr−1) is non-trivial. Using these facts, the
assertion (9.22) follows easily from (9.24). 
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We can now at last complete the proof of Theorem 9.1. Combining Lemmas 9.4, 9.7, 9.8, we see that,
for each finite integer n ≥ r, we have
(9.25)
Ωp(A)
−1
ˆ
G
ρPχdµα,n = τ(χ)φ(hχ)z
−1
χ
∑
b∈B
χ(b−1)
∑
c∈Cn
φ(c)(NαLq(φ, τr(bchχ), 1)−φ((α))Lq(φ, τr((α)bchχ), 1)).
Note also that Corollary 9.6 shows that , for all c ∈ Cn and b ∈ B, the expression z−1χ (NαLq(φ, τr(bchχ), 1)−
φ((α))Lq(φ, τr((α)bchχ), 1)) is integral at our fixed embedding of HT in the fraction field of I . Now,
letting n → ∞, the left hand side of (9.25) converges to Ωp(A)−1
´
G
ρPχdµα,∞. Recalling that φ(c) ≡
1 modPn+2 for all c ∈ Cn, it is clear that the right hand side of (9.25) converges to τ(χ)(φχ)(hχ)z−1χ (Nα−
(φχ)((α)))Lq(φχ, 1), and the proof of Theorem 9.1 is complete. 
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